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Abstract. In this paper we prove, with details and in full generality, that the isomorphism induced on tangent 
homology by the Shoikhet-Tsygan formality Loo-quasi-isomorphism for Hochschild chains is compatible with cap- 
products. This is a homological analog of the compatibility with cup-products of the isomorphism induced on tangent 
^\ , cohomology by Kontsevich formality Loo-quasi-isomorphism for Hochschild cochains. 

C D ■ As in the cohomological situation our proof relics on a homotopy argument involving a variant of Kontsevich 

C D ' eye. In particular we clarify the role played by the I-cube introduced in [4]. 

^S) ' Since we treat here the case of a most possibly general Maurcr-Cartan element, not forced to be a bidifferential 

operator, then we take this opportunity to recall the natural algebraic structures on the pair of Hochschild cochain and 
, chain complexes of an Aoo-algebra. In particular we prove that they naturally inherit the structure of an AcxD-algebra 

with an yloo-(bi)modulc. 
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Introduction 

k> I Given a (possibly curved) Aoo-algebra (A, 70, 71, 72, ■ • ■ )7 it is known that its Hochschild cochain complex C'{A, A) 
5^ ' is naturally a (non curved) Aoo-algebra, with structure maps d-^^fc being defined thanks to the famous brace operations 
Ci ' [17] introduced by Gerstenhaber and Voronov: 

(1) d^.j{P):=Y,MP}TPH}) and d^,fc(Pi, . . . , Pfc) ^ 7,^, • • • , > 2) ■ 

i i 

This statement can be reformulated and proved using Boo-algcbras [19] and twisting procedure for them with respect 
to Maurer-Cartan elements, following Getzler and Jones. Namely, given a Boo-algebra (i?,d,m) and a Maurer- 
Cartan element (shortly MCE) 7, i.e. a degree 1 element in B satisfying the Maurer-Cartan equation 

d(7) -t- m(7, 7) = di(7) -hmi,i(7,7) 0, 

then there is a new Boo-algebra {B, d-y, m) with 

d-y := d + m(7 ® •) - m(» (g) 7) . 



The result of this paper were mainly obtained when D.C. was working in ETH (on leave of absence from Univorsite Lyon 1). His 
research was fully supported by the European Union thanks to a Marie Curie Intra-European Fellowship (contract number MEIF-CT- 
2007-042212). 
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For any graded vector space A the brace operations on B = End( A) , with 

End(A) Honi(A®", A)[l ~ n] , 

n>0 

define a Boo-slgehra. structure on B such that a MCE 7 tantamounts to a curved Aoo-algebra structure on A, and the 
structure maps (Ly^k of d^ are precisely given by (1). From this formaUsm it is clear that two homotopy equivalent 
Aoo-algebra structures on A induce homotopy equivalent ^oo-algebra structures on B = End(A). All this is recalled 
in the first Section of the paper. 

The first aim of the present paper is to develop a similar machinery for Hochschild chains of a curved Aoo-algebra 
{A, 7o, 7i, 72, . ■ • )• Unfortunately, things do not appear to go as easily as in the case of cochains. We can nevertheless 
prove that there is an ^00-bimodule structure on the Hochschild chain complex C^,{A,A) (with reversed grading), 
over the ^txj-algebra C*{A,A). To do so, we prove that there are two distinct left Boo-actions of End(A) on 

n>0 

Then, to any (curved) ^00-algebra structure on A, we define the Aoo-bimodule structure on A(^A = C^,{A, A), as 
usual, as the adjoint action of the MCE 7. Being easier to say than to do, the above claim requires some work, 
and to introduce new notions such as i?oo-(bi)modules. This is the subject of Section 2, which can be viewed as the 
explanation of the sketch of a construction of Tamarkin-Tsygan [25] regarding dualities between Hochschild cochain 
and chain complex. 

The above constructions extend to the following setting: a smooth real manifold X and a commutative and unital 
differential graded algebra (shortly, DGA) (m, dm) splitting as m = n © i?, with n a (pro)nilpotent ideal and R a 
unital subalgebra concentrated in degree 0. Then the complex of m- valued polydifferential operators D^oiyi-^)' 
naturally a Boo-algebra in which MCEs are deformations of the DGA C°°{X,m) as an Aoo-algebra over (m, dm)- ^ 

Similarly, the complex of m- valued Hochschild chains CP°'^''"(Ar) with reversed grading (see e.g. [12] for a precise 
definition) naturally carries two distinct left i?oo-actions (of D^^^y{X)), for which any MCE in D'^^^y{X) induces an 
^00-bimodulc structure on CP°'y^"(X). 

Then we recall from [20] that there exists an Loo-quasi-isomorphism U from the differential graded Lie algebra 
(shortly, DGLA) T^^^^yiX) of m- valued polyvector fields to the DGLA D^^^y{X). Therefore, given a MCE 7 in 
Tp|^[y(Ar) one obtains a chain map 

U,,i : (Tp™iy(X),dm + [7, ]) (i?^,iy(X),dm + [7, ]) , 
where (below /i denotes the standard commutative product on C°°{X,m)) 

1"-^ f^ + Yl -7^" (7' ■ ■ ■ '7) • 

ri>l ""^ T^' ' 

— n times 

Moreover, Kontsevich claimed and skctchily proved in [20, Section 8] (see [3, 21] for detailed proofs in particular 
cases) that W^.i is compatible v^rith cup-products in the sense that it induces an algebra isomorphism 

H-(Tp-iy(X),dm + [7, ]) ^H*(i?-,y(X),dm + [7, ]) • 

Analogously, we recall from [24] that there exists an Loo-quasi-isomorphism S from the differential graded Lie 
module (shortly, DGLM) A'^iX) of m-valucd differential forms (with reversed grading) to the DGLM CP°'y'"'(X). 
Therefore, given a MCE 7 as above one obtains a quasi-isomorphism 

5^,0 : (cP°'y''"(X),dm+L^) (^■-(X),dm+L^) . 

The second aim of the paper is to prove the following Theorem, which is a very natural generalization of [4] : 

Theorem A. The quasi-isomorphism S-y_o is compatible with cap-products in the sense that it induces an 
isomorphism of H* ^T^J^jy (X), dm + [7, -modules 

H*(cP°'y'"^(X),dm+L^) ^H'(^'-(X),dm+L^) . 



^In the following, we assume that m is bounded below as a graded vector space: m'° = {0} for k <<C 0. Moreover, tensor products with 
m have to be understood as completed tensor products with respect to the n-adic topology. 
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Remark. A. Cattaneo pointed our attention on this possible generalization of our previous work, in which we made 
use of the geometry of the I-cube. In [4] and previous versions of the present paper we made use of the geometry 
of the I-cube to prove that a homotopy exists for the cap-products (following Kontsevich's original idea [20] for 
cup-products), but in the simpler cases (namely, when 7 is at most a bivector) we have considered, three boundary 
faces did not contribute. They actually do in the general context we consider in the present paper; nevertheless, we 
give here a cleaner proof, in which the I-cubc is, at the end, not strictly needed. 

The proof of Theorem A requires several steps. As it is now usual in deformation quantization we first prove the 
desired result in the local situation X = W^. For this purpose we recall, in Section 3, the construction of Kontsevich's 
[20] and Shoikhet's [24] local formality maps. The main ingredients of both constructions are appropriate compactified 
configuration spaces and integrals of angle forms over them. We detail in particular two remarkable compactified 
configuration spaces which arc of some use for the compatibility between cup and cap products: Kontsevich's eye 
and the I-cube. 

We then review quickly in Section 4 the proof of the compatibility between cup products in our very general 
framework for X = W^. The main argument, of homotopical nature, was sketched by Kontsevich in [20], later 
clarified by Manchon and Torossian in [21] in the framework of deformation quantization, and finally adapted to the 
case of Q-manifolds in [3] . The globalisation of the compatibility between cup products was first seriously considered 
in [5], and is addressed in Section 8. 

The proof of the compatibility between cap products for AT = R'^ occupies Section 5, and is based on a homotopy 
argument very similar to the one of Section 4. Contrarily to what we first guessed in [4], the I-cube is not strictly 
needed for the proof, but definitely gives insight to understand how things work. Again, the question of globalisation 
is pushed-forward to the final Section of the paper. 

Before going through the globalisation of the previous results, we discuss three special cases of interest and an 
application. Namely, the cases of interest, detailed in Section 6, arc the following ones. The first case is when 
m = ]R.|?i]; it corresponds to Shoikhet's conjecture [24], which is originally motivated by deformation quantization, 
and is proved in [4]. The second one is when the MCE 7 is of poly vector degree at most 1; then one can prove that so 
is its image ^(7), which can be interpreted in terms of a Fedosov connection and its Weyl curvature on a deformed 
algebra, following the terminology of [10]. Finally, the third case of interest is when the MCE 7 is precisely a vector 
field; we are able to compute explicitly the quasi-isomorphisms lA~f_i and S^^ by means of a rooted Todd class ^(7), 
following [5] (see also [3]). 

In Section 7 we present an application of the third case described in the preceding Section. Shortly speaking, we 
prove a (co)homological analogon of the so-called Duflo isomorphism. Here the rooted Todd class j(7) is precisely 
the Duflo element that is used to modify the Poincarc-Birkhoff-Witt isomorphism. We remind the reader that the 
use of the compatibility between cup products to prove the Duflo isomorphism goes back to Kontsevich's seminal 
paper [20], where its cohomological extension was claimed (and of which one can find a complete proof in [22]). In 
[4] we proved a version of the Duflo isomorphism on coinvariants, and the result presented in this Section ends the 
story by extending it to homology. 

The final Section of the paper is devoted to the proof of the main Theorem A. It is basically obtained by means of 
now standard globalisation methods. These methods were introduced by Fedosov [15] for the deformation quantization 
of symplectic manifolds, generalized by Cattaneo-Felder-Tomassini [10] to the case of Poisson manifolds, and finally 
adapted (and popularized) by Dolgushev [11, 12] to the context of the formality (both for cochains and chains). 
Our presentation follows closely [12] and is quite sketchy, focusing essentially on the main specific points for the 
compatibility. We end the Section in explaining how the approach of Cattaneo-Felder-Tomassini is contained in this 
description. 

Remark. We finally mention that our main result can be obtained as a consequence of a very recent preprint [13] 
of Dolgushev- Tamarkin-Tsygan, where they prove the formality of the homotopy calculus algebra of Hochschild 
(co)chains. Their proof is more conceptual and does not require to check compatibility with cup and cap products, 
as both are part of the generating operations of the coloured operad calc of calculus algebras. Nevertheless, our 
approach seems to have the advantage of being, to some extent, computable (see e.g. Subsection 6.3). 

Acknowledgements. We thank Alberto Cattaneo, who raised the question of generalizing our results in a context 
where all the boundary faces of the I-cube could contribute, for his interest in our work. We also thank Giovanni 
Felder for many interesting discussions on this project. We finally thank Vasiliy Dolgushev for a particularly enlighting 
remark about the globalisation of the compatibility between cup products, and Dmitry Tamarkin for his kind help 
on a tricky point in Section 2. 
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Notation 

Unless otherwise specified, we work over a field k of characteristic zero: algebras, modules etc ... are over k. 

A graded vector space means a Z-graded fc-vector space. The category of graded vector spaces is symmetric 
monoidal with non-trivial commutativity isomorphism a being given by the Koszul sign rule: 

(Tvw -V^W — > W (giV , V (giw I — > ® V . 

Dealing with graded vector spaces and morphisms between them, this rule is always tacitly assumed. 

If (O, demo) is a (possibly colored) DG operad, then a O-algebra up to homotopy is the data of a DG vector 
space (y, d) together with a DG linear map p : {O,do) (End(y),[di/,-]) such that p o mo is homotopic to 
mEnd(y) ° {p®.p)- III particular, any Ooo-algebra is a O-algebra up to homotopy, while the converse is false. 

Exemplarily, an associative algebra up to homotopy is a DG vector space (A, d^) together with a product m^ : 
A® A A such that [d^, m^] = 0, and {to-a ® id) o m^i is homotopic to (id (8) m^) o m^. 

The homotopy is not considered as a part of the structure. The obvious notion of a morphism of O-algebra up to 
homotopy can then be guessed by the reader. Exemplarily, a morphism of associative algebras up to homotopy is a 
graded linear map f : A B such that / o d^ = d^ o /, and / o m^i is homotopic to m^ o (/ /). 



1. i?oo-STRUCTURE ON HOCHSCHILD COCHAINS 

In this Section, we discuss in its generality the i?oo-algGbra structure on End(i?), for a graded vector space E, and 
the twisting procedure that allows one to deduce from this the Bcx) -structure on the Hochschild cochain complex of 
an (^cx3-)algebra A. It has been first exploited by Getzler- Jones [19] and Gerstenhaber-Voronov [17], to which we 
refer for more details and for complete proofs; we will nonetheless write down explicitly certain formulae and some 
arguments, which will be helpful for upcoming computations. 

1.1. i?oo-algebras and twistings. We consider a graded vector space V: for a homogeneous element v in V, we 
denote by \v\ its degree. The cofree, coassociative coalgebra with counit cogenerated by V is the tensor 
coalgebra T{V) = ®„>„ V^®", = k, with the natural coproduct, resp. counit, 

p 

A{vi ® • ■ • (g) Wp) = ^ (wi ■ • ■ ® Ui) {vi+i ® ■ ■ ■ <S)Vn) , resp. 

i=0 

'l, n = 

0, 71 > 1, 



e{vi (g) ■ • ■ (g) w„) 



where vq = = 1,1 being the unit of the ground field k. 

Definition 1.1. V is called a Boo-sdgehra, if there exist linear maps 

d : T{V) T{V) and m : T{V) ® T{V) ^ T{V) , 

such that the 6-tuple (T(F), m. A, 77, e, d), where -q is the natural unit, is a DG bialgebra. 

In other words, m is an associative product of degree on T[V) and a morphism of coalgebras, i.e. the following 
identities hold true 

m o (m (g) 1) = m o (1 (g) m), A o m = (m (g m) o (1 (g t g) 1) o (A g) A), 

where r denotes the standard braiding in the category of graded vector spaces. 

Further, d is a linear operator on T[V) of degree 1, which squares to 0, and which is simultaneously a derivation 
w.r.t. m and a coderivation w.r.t. A: more explicitly, 

d^ = 0, d o m = m o (d (g 1 + 1 g) d), A o d = (d g) 1 + 1 g) d) o A, 

tacitly assuming Koszul's sign rule. 

The fact that m is a morphism of coalgebras, resp. d is a coderivation of degree 1, implies that m, resp. d, is 
uniquely specified by its components 

^ y, resp. dp : V'^^ V. 
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For the sake of clarity of upcoming computations, we need to write down explicitly the product m and the differential 
d in terms of its components: namely, m, resp. d, is determined via the formulae 

p+q 

(2) m(wi ® • ■ • (g) (g) • • • = ^ ^ cr(/x, j/)m^_i,(wi • ■ • (gi ig) (g) ■ • • (g) u^), resp. 



1=1 (M,f)eT', (p)x-p,(<j) 
MVi.|=i 



(3) d{vi (g) ■ ■ ■ (g) Vp) = ^^{~^)^'''=^ '""='"1 ® ■ ■ ■ g)di(wj+i (g ■ • -(gVj+i) (E)---(g)Vp 

1=1 j=0 

Formula (2) needs some explanations, also for later computations. 
For positive integers I, p, we define 



-Piip) = <^ (Ml 



el! : fj.^>0, 1^1 = ^ = p L 

i=l J 



the set of (generalized) partitions of p into I subsets; we observe that the entries of a generalized partition fj, are not 
ordered. Furthermore, for positive integers Z, p and q, the pairing V between ViXp) and Vi{q) is defined via 



(m V i^y, 



1, fli, > 1 

^0, fi.i = 1^1 = 0. 

For non-negative integers I, p and q, such that l<l<p + q, & pair (/i, i/) in Vi{p) x Pi{q), such that |/i V = 
determines a linear map m^_j, from V^p (g V^'' to via 

I 

m^^^(i;i g) ■ • ■ (g wi g) ■ • ■ ) = m^,,!', ® ' ' ' ^E*=i H ) ''.+1 ® ' ' ' ® ^E5=i )) ' 

i=l 

where the factors in the tensor product are ordered from 1 to / from the left to the right; if cither /i^ = or Ui = 0, 
for some i = 1, . . . then we set m^^ .^^ = id; if both indices are 0, we set mp.o = 0. Finally, the sign a{^^v) is 
determined by Koszul's sign rule. 

For later purposes, it is useful to write down explicitly the associativity condition for the product m in terms of 
its components: 

p+q 

ct(m, i^)m;_r(m^_i,(t;i (g) • ■ • (g lip g) (g) ■ • ■ (g Ug) g) wi (g • ■ • g) zJr) = 

1 = 1 (M,.')e5',(p)xP,(g) 

(4) '^"'"=' 

^ ' q+r 

^ cr(j/, 7r)mp,;(tii g) • ■ • g) Up g) (mi.,^(TJi (g ■ • ■ g) g) ill g) • • ■ ® ilr)). 

/=1 (■.,,r)eP,(<j)xPj(r) 

Remark 1.2. Writing down explicitly the previous families of identities for a few simple cases, we find that, if y is a 
^oo-algebra, the binary operations 

[vi,V2] ■■= mi_i(i;i g) V2) - (-l)'"'"''^'mi,i('y2 ® Vi) and Vi U V2 ■= d2(ui g) U2) , 

together with the differential di, endow V\l\ with the structure of a Gerstenhaber algebra up to homotopy, with 
homotopies expressible via da (for the associativity of U), mi_2 (for the Leibniz rule between U and [, ]), m2.i (for the 
Jacobi identity of [, ]), and nii^i (for the commutativity of U). 

Let now be a i?oo-algebra in the sense of Definition 1.1. 

Definition 1.3. A Maurer— Cartan element 7 for the i?oo-algebra V is an element of V of degree 1, which obeys 
the Maurer-Cartan equation 

(5) d7 -t- m(7, 7) = 0. 

Since 7 belongs to V ^ it is obviously primitive in the bialgcbra T{V); further, (5) simplifies to 

di7 + mi_i(7 (g 7) = 0. 

The MC equation (5) for the MC element 7, together with the primitivity of 7, implies that the map 

d^ = d + m(7 g) •) — m(» g) 7), 
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tacitly assuming Koszul's sign rule, defines a twisted Boo-structure on V , i.e. (T{V), ni, A, 77, e, d^) is a DG bialgebra. 

1.2. i?oo-algebra structure on the Hochschild cochain complex. We consider a graded vector space E: to it, 
we associate 

V = End{E) := Hom(£;®" , £:)[! - n] . 

n>0 

Remark 1.4. Regarding the grading on V, we use the following notation: since E is graded, then any tensor power 
of E is also naturally graded, as well as Hom(i5®", E). The degree referring to this grading will be denoted by | • |. 
Further, if P is an element of Hom(i?®P, E) of degree then its degree in V is called its (shifted) total degree 
and is denoted by ||P||. We thus have 

(6) \\P\\^p-l + \P\. 

A Boo-algebra structure on V has been constructed explicitly by Getzler- Jones [19] and Gerstenhaber-Voronov [17]: 
we review here its construction and some of its main features. 

The differential d on T(V) is the trivial one; the multiplication m on T(V) is defined by components m^^^, which 
are non-trivial precisely when p < 1, with no restrictions on q: the unit axiom for m forces mo,^ to be equal to the 
identity map, while mi ^ is defined via 

mi,,(P, Qi, . . . , Qq)(ei, . . . , e„) = P{Qi, . . . , Qg}(ei, . . . , e„) = 

= E (-l)^'-^'"^^"(''"~'+^-"''^')j'(ei,...,Qi(e.,,...),...,Q,(e.„...),...,e„), 

1< ii < ■ ■ ■<ig <n 

with the previous grading conventions; in (7), n = p + X]a=i(9<i ^ l)i 1 !i *ii ik + qk < ik+i, k = 1, . . . ,g — 1, 
iq + qq — 1 < n. It is not difficult to prove that the brace operations (7) have (total) degree 0. 

It is useful to have a pictorial representation of certain operations: we depict an operator P of with p inputs (and 
one output) as a corolla with p leaves, going from the bottom to the top. Thus, the component nii^^ has the following 
graphical representation: 




Figure 1 - Pictorial representation of the component mi ^ 

The conditions for to be a _Boo-algebra reduce to the associativity condition (4), which simplifies in the present 
situation to 

(P{Qi,...,QJ){i?i,...,i?,} = 

= (-1)^"^^ . . . , R,,_,,Q,{R,„. ..},..., R,^_,,Qq{R,^,. ..},..., R^}, 

We recall from Remark 1.2 that wc have a bracket of total degree on V: 

[Pl,P2] - Pl{P2} - (-l)»^^««^^»P2{Pl}. 

For q — r — 1, Condition (8) simplifies to 

(Pl{P2}){P3}-Pl{P2{P3}} + Pl{P2,P3} + (-l)"^^""^^"Pl{P3,P2}. 

Whence the bracket satisfies the Jacobi identity^, and thus is a DGLA with trivial differential. 
Since the differential d is trivial, a MCE 7 satisfies the identity 

7(7} = ^[7,7] = 0. 



^This can be recovered from the fact (sec Remark 1.2) that m2,i, which is the homotopy for the Jacobi identity in a general Boo-algebra, 
vanishes here. 
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Example 1.5. Now we consider a (possibly curved) Aoo-algebra (A, 70, 71, 72, • ■ • )■ By abuse of terminology, we 
may say that 

7 := 70 + 71 + 72 + • • ■ e n Hom(^®", A)!"" 

n>0 

is a MCE (in the present situation the Maurcr-Cartan equation (5) makes sense since each of its homogeneous 
component is a finite sum). 

Therefore the twisting procedure of Subsection 1.1 applies and one obtains a new Boo-structurc on End (A), such 
that 

d^,i(P) = [7,P] 

is (up to a sign) the standard Hochschild coboundary operator for cochains of an Aoo-algebra, and 

Pi P2 d^,2(Pi ® P2) = 7{A, P2} 

defines a product which is associative up to homotopy'^. More precisely, if Pi is the number of entries of P^, then, for 
Pi + P2 l£ Pi we have, by construction. 

Pi P2(ai, . . . ,ap) = (-1)^'^' \m{n~i+nLi \-''\) ^^_^^^^^^a,, . . . ,Pi(aj,, . ..),... 

1<J1) jl+Pl<32 
32 +P2 - 1<P 

. . . , P2{aj2 , ■ • ■ )j • ■ • 7 ^p) ■ 

Example 1.6. As a special case, if A has the structure of a graded algebra, the associative product fi on ^ is a MCE 
and the differential d^ has only two components: — (— 1)^" d^^i, resp. (_l)Pi(P2-i)d^ 2, is the standard Hochschild 
differential, resp. the standard product, on the Hochschild cochain complex of the algebra A. 

1.3. A more general example of a Boo-sdgehra. structure. We may consider more generally a commutative DC 
algebra (m, dm) as in the introduction. Its differential extends to a differential dm := id dm on 1/ := End (i^) m of 
total degree 1, which further extends to a (co)differential on T{V), which we denote, by abuse of notations, by the 
same symbol. 

The brace operations defined on End(£') naturally extend to V in the following way: 

P ® m{Qi ® 111, . . . ,Qr ® Ur] :~ {~iyP{Qi, . . . , Q^} ® mni ■ • ■ , 

where the sign ( — 1)"^ is determined by the appropriate braiding (with corresponding Koszul's sign rule). 

Then, the construction of the previous Subsection can be repeated verbatim, except that we have the additional 
non zero structure map di := dm- 

Therefore the Maurer-Cartan equation reads 

dm(7)+7{7} = 

and makes sense for a generalized element 

7 = 70 + 71 + 72 H e Jl (Hom(£'®", E) m)^"" . 

n>0 

Such MCEs are in bijection with (m, dm)-^oo-algebra structures on _E m. 

We implicitly make use of this Poo-structures in Sections 4 and 5 below (see also the Introduction above). 

2. Poo-structures on Hochschild chains 

In this Section, we discuss two Poo-module structures on E®E, for a graded vector space P, and the twisting 
procedure that allows one to deduce from these two distinct left Poo-module structures on the Hochschild chain 
complex of an (^oo-)algebra A. We believe this clarifies and makes more explicit a construction roughly sketched by 
Tamarkin-Tsygan in [25] . 



'Recall that it is actually commutative up to homotopy. 
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2.1. i?oo-bimodules. We assume the graded vector space y to be a i?cx)-algebra; we borrow the mam notations from 
Subsection 1.1. Let W be another graded vector space. 

Definition 2.1. A i?oo-bimodule structure on W (over V) is a _Boo-algcbra structure on V © 1] such that 

• y is a i3oo-subalgebra, 

• all components of structure maps involving W more than once are zero. 

Remark 2.2. To W, we may associate the bi-comodule W cogenerated by W, namely, W = T{V) (E) T{V), with 
left-, resp. right-, coaction Al, resp. A^j, defined via 

Ai = A (g) 1, resp. A^^ = 1 ® A. 

A SoQ-bimodule structure on W w.r.t. the Soo-^lgcbra structure on V tantamounts to the data of linear maps 

h:W ^W, mi : T(y)(g,W , irr ■.W(g)T{V) -^W , 

such that the 6-tuple {W, b, m^, A^, mij, A^) is a DG bi-(co)module over the DG bialgebra {T{V), m, A, 77, e, d). 

More precisely, m^ (resp. mj^) defines a left (resp. right) action of T{V) on W, which is required to be a morphism 
of bi-comodules; moreover, the left and right actions are required to commute, b is required to square to 0, and to 
be a bi-(co)derivation of the bi-(co)module structure on W. 

From this, we see that there is an obvious notion of left (resp. right) Boo-module. 

Compatibility of b, m^ and m^ with coalgebra and comodule structures implies that they are uniquely determined 
by their structure maps (i.e. their evaluation on homogeneous components, composed with the standard projection 

F®P (E)W(E) T^®« W , 



Exemplarily, we write down the condition for niL to be a left action w.r.t. m in terms of their respective components: 



(9) 



p+q 

Cr(/^, t/)m^'''"''(m^^i,(ui ® ■ ■ ■ ® Vp ®Vi (i) ■ ■ ■ ® Vq) (g) Wi ■ ■ ■ (g (X" W ^'l ® ■ ■ ■ (8) Ws) = 

1=1 (Ai,^)eT'i(p)x-p,(<j) 
q+r+s+1 I 

= ^ ^ ^ cr(^i, Mi)m^''~"^''~*(ui (g) • • • ® m^"'^'(iJi ® • • • ® Wi (g) • • • (g) w (X) Wi ® • • • )), 

i = l {l-H.'^i)€Vi{q)XVi(r+B + l) 



the notations arc obvious generalizations of those introduced in Subsection 1.1. Finally, we consider a MC clement 
7 for the i3oo-algebra V as in Definition 1.3, Subsection 1.1: if is a i?oo-bimodulc as in Definition 2.1, then 7 
determines a twisted differential b^ on W via 

b-y = b + mL(7 ® •) - m_R(» g) j), 

tacitly using Koszul's sign rule, and the 6-tuple {W, b^, m^, A^, m^j. An) again defines a _Boo-bimodulc structure on 
W. 

Example 2.3. Let V = ©nezKi be a Z-graded Soo-algebra, whose structure maps are degree preserving. Then Vq 
is obviously a i?oo-algebra w.r.t. the restriction of m. If we assume that Vk ~ {0} when k < —1, then 1] is a 

i?oo-bimodule over Vq, with left, resp. right, action m^, resp. m^, whose components are given by 

It is clear e.g. that (9) follows immediately from (4), and analogous arguments imply the claim. Moreover, if 7 is a 
MCE in Vq, then the Boo-bimodule structure induced by the twisted (Z-graded) i?oo-algcbra (1/, d-y,m) on 1] 
obviously coincides with the twisted _Boo-bimodule structure (b^,mi,mfl) on it. 

2.2. Left Boo-module structures on the Hochschild chain complex. Let i? be a graded vector space, to which 
we associate 



n>0 
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We then define F := E®E* with the following additional Z-grading: E, resp. E* , has Z-degree 0, resp. —1. Therefore, 
V := End(-F), becomes a Z-graded i?oo-algcbra that satisfies the condition of Example 2.3. Explicitly, 

Vo = End{E) ® RomiE^P E* (^i E®\ E*)[-p - q] and ^-i = Rouy{E®'\ E*)[l - n] . 

p,q>0 n>0 

In particular, is canonically isomorphic to {E§)_E)*: explicitly, the identification is given by 

(P(ei, . . . , e„), eo) = (-l)l'^"l(2:"=i l-.l) (p^ (g^j . . . |g j)^ p ^ y_^^ (g^j . . . j^^) g E'm. 
Moreover, there is an inclusion P ^ P 

Hom(£;®"+\ Ro^{E®i' ®E®E®'i,E), 

p+q=n 

explicitly given by the formula 
(10) 

(P(ei, . . . , e., e.+i, . . . , e^), eo) := (-l)l«l(l^l+2:.^i k.l)+(«+i+E].o |)(p-.+E?..+, |e.l) p^^^^^^ . . . , e^, eo, ei, . . . , e, 

We observe that cyclic permutations enter into the game explicitly at this step. In turn. Formula (10) induces an 
inclusion 

(11) End(i;) End(i;) ® Hom(£:^f ® E* ® £:®«, E*)[-p - C l^o, P^P + P- 

p,q>0 

Obviously, the identity morphism preserves the Boo-algebra structure. On the other hand, we may compute, using 
Formula (10), the inclusion P{Qi, . . . , Qq}, for P, Qi, i = 1, . . . ,q, general elements of End(£'), and we get 

9 9 

(12) P{Qi,...,QJ - ---^Qq^Qi,---, Q^-l} + ■■■,Qq,Qi,---, Q^-l}■ 

1=1 1=1 

The two terms on the right hand-side of Identity (12) need some explanations. The cyclic permutations of the elements 
Qi, j = 1, . . . , 5, appear evidently because of Formula (10): P{Qi, . . . , Qq, ■ ■ ■}, resp. Qi{P{Q,+i, . . . ,Qq, Qi, . . . , Q^-i} 
acts non-trivially precisely on those terms, where the argument labelled by eo is placed between Qi-i and Qi, resp. 
as an argument of Qi. Finally, we observe that we have omitted the signs in Identity (12): these are easily obtained 
by Koszul's sign rule w.r.t. total degree. 

In the special case where we consider only P and Q, the defect of Inclusion (11) to be a Poo-algebra morphism 
can be characterized in a nice way, namely 

i{P){i{Q)}-i{P{Q})^[P,Q]. 

Since the inclusion (11) is NOT a Poo-algebra morphism, then we do NOT obtain a Poo-bimodule structure on 
E®_E over End(P). Nevertheless, as we will now explain, we will get two distinct left Poo-module structure, which 
we now explicitly describe. 



The only non-trivial structure maps of the right Poo-module structure m^ on 1] over Vq are 

m^°'^(P,Qi,...,0,) = P{Oi,...,QJ, 

for P e V^i and Qi, ■ ■ ■ ,Qq G End(P) C Vq. In particular, we can see that the induced left Poo-bimodule structure 
m^ 2 on E®E, over End(P),'* has only non-trivial structure maps m^' 2 given as follows: for any c = (eo| ■ • ■ |em) € 
E®E, 
(13) 

mP^f[Pi, . . . , Pp, c) = (-1)^°-^ \\PA{^.-l+^7Jo' le.l) (eol . . . |Pi(e,,, . . . )| ■ • ■ |Pp(e,,, . . . )| • • ■ |e™) , 

l<ii <---<ip<m 

where the summation is over indices ii, . . . , ip, such that 1 < ii, u- -l-pfe < ik+i, k = \, . . . ,r — \, ip + pp — 1 < m {hi 
p = 0, m°' 2'° is the identity map). The fact that summation is over all indices 1 < ii is a consequence of the duality 
between V_i and (P^P)*, which highlights the special element eo in a given chain. 

As for the brace operations, we have a pictorial representation for those structure maps: 



We have an induced left Boo-bimodulc structure since that, for P, Qi, . . . , Qq as above, P{l{Qi), . . . , L(Qq)} = P{Qi, ■ ■ ■ , Qq}- 
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Figure 3 - Pictorial representation of a component of m^' 2° 



The only non-trivial structure maps of the left _Boo-module structure m^ on 1] are 

m[''''^(P, Qi,...,Q,,S,Ru...,Rr) = P{Qi, . . . ,Qg, S, Ri, . . . , Rr} , 

where P e Hom(£'®'= (g) E* (g) E®\E*), Qa a.nd Rb, a ^ 1, ... ,q, b ^ 1, ... ,r elements of End(^) and S £ V-i. In 
particular, we get an induced left i?oc-bimodule structure m^^i on E®_E, over End(£'), with only non-trivial structure 
maps uYj^'^-f ^ via 



(P{i?i, . . . , i?,, 5, Qi, . . . , QJ~ c) = (5, m^t'(^> Qi- ■ • ■ . c, . . . , i?,)) , 



where 5", resp. c, is a general element of V-i, resp. E®E, such that the previous expression makes sense. 

The brace identities (8), Subsection 1.2, together with Identity (12), imply that the previous formula yields a left 
i?oo-action: still, we observe that two dualizations are hidden in the previous formula, the first one in the inclusion 
P 1-^ P, the second one between VLi and (E^E)*. 




Figure 4 - Pictorial representation of the component m^'''^''^ 



For P, Qa, Rb as before in End(£'), and c = (eo| ■ • • \em) in E^E, we have the explicit form 
^LYiPi Qi, . . . , Q,, c, . . . , Rr)) = 

(_l)0+5:J;o |ejl)(m-/+i+Er=i l'=>l)+2:^=i II Qa II (i»-i+E?=7' Iedl)+E5=i llfli.||(fc6-/-n-E/=fc, k/l) 

l<f^-L<--<kr<n-l 

(P (e/, • • ■ , Qi{ej, ,...),..., Qqicj^,. ..),..., eo, ... , Riick^ ,...),..., Rr{ek^,. ..),...) |e„| ■• ■ |e;_i) , 

and the indices in the summation satisfy ji + < ji+i, i ~ l,...,q~l, jq + Qq^l < to, and ki + < fci+i, 
i = l,...,r — 1, fc,. + r,. — l<n— 1. 

Now we consider a (possibly curved) Aoo-algebra on (A, 70, 71, 72, . . . ). We allow ourselves the same abuse of 
language as in Example 1.5 and consider the formal sum 7 = 70 + 71 + 72 + ■ • ■ as a MCE of the Scxj-algebra End(A) . 
Then we observe that, even if l is NOT a _Boo-algebra morphism, 

n>0 P,i?>0 

defines a MCE (again, by abuse of notation) in End(A A*). Namely, jp,q {p, q > 0) arc the structure maps of the 
natural Aoo-bimodule structure on A*.^ 

We may then apply the twisting procedure sketched at the end of Subsection 1.1 to End(A © A*) w.r.t. the MCE 
^,(7). Following the same lines of reasoning as above, we get the following 



To prove that it is truly a MCE, we simply recall that, if one has an AcxD-algebra B together with an Aoo-bimodule M, then by 
definition B ® M is an Aoo-algebra. 



COMPATIBILITY WITH CAP-PRODUCTS IN TSYGAN'S FORMALITY 



11 



Theorem 2.4. A^A has two distinct left Boo-module structures over (End(A), d^, m), given by iiiL,i, * = 1,2, and 
the formula 

:= mL,i(7 ® •) - "oilAi ® 
specifies a degree 1 operator, which squares to (i.e. an A^-module structure on A®A over End (A) }. 

We only observe that the twisting procedure, as in Subsection 1.1, cannot be apphed verbatim in the present 
situation because of Identity (12). Still, the same identity implies that b^ squares to 0, as can be verified by a direct 
computation. 

Remark 2.5. It follows directly from Subsection 1.3 that this construction generalizes to the situation where we 
tensorize End(iJ) and E®_E by a commutative DG algebra (m, dm) as in the introduction. 

2.3. T-algebra structure on Hochschild (co)homology. First, we observe that from the very definition of a 
Boo-bimodule, and according to the fact that any -Bcc-algebra is a Gerstenhaber algebra up to homotopy (see Remark 
1.2), we have the following: 

For any Boa-algebra V together with a Boo-bimodule W, the pair {y[V\,W) naturally inherits the 

structure of Gerstenhaber algebra and module up to homotopy. 
The crucial point is that, on the Hochschild chain complex of an Aoo-algebra we only have two left Boo-module 
structures, having the same differential, but NOT satisfying the axioms of a Boo-bimodule (see the previous subsec- 
tion). We therefore do NOT have the structure of a Gerstenhaber module up to homotopy. Nevertheless, we prove 
below that we have something close to a Gerstenhaber module; namely, a T-algebra. 

We first recall the definition of a T-algebra (or precalculus following the recent terminology of [13]) from [25]. 

Definition 2.6. A T-algebra is a pair {V, W) of a Gerstenhaber algebra {V, U, [,]) and a graded vector space W 
together with 

• an action of the GA (F, U), turning (W, n) into a GM, 

• an action L of the GLA (^[-1], [,]), turning (VF, L) into a GLM, 

such that the following identities hold true for any wi, ^2 S V and w eW: 

(15) UAv2r^w) = [i;i,t-2]nu; + (-l)l''il(l'^^l-i)i;2n(L,,u.), 

(16) U^uv^w = U^{v2 r\w) + (-l)!"!!!;! n {L^.,w) . 

We may say, by abuse of language, that is a T-module over the Gerstenhaber algebra V . 
Remark 2.7. It is worth mentioning that Identity (16) in Definition 2.6 can be re-written as 

(17) L„,u..w; = {-l)M^\-^\-^)v2 n iU^w) + n [U^w) - [-lt'\vuV2\ n w , 

and we therefore see that a T-modulc is almost a Gerstenhaber module, the default being given by the last term in 
the r.h.s. of (17). The modified Identity (17) will be particularly useful in the upcoming computations. 

We now prove that A® A is a T-module up to homotopy over End (A) . 

We first recall that End(yl) is a graded Lie algebra with bracket [P,Q] := P{Q] - (-1)II^IIII'3Iq{P}. We observe 
that the same is true for End fA © A*). This allows us to define a right Lie action of End (A) onto V-i. Namely, for 
P e End(A) and Q e we set 

Rp{Q) := [Q, i{P)] = Q{P} - (-1)II^IIIIQIIP{Q} . 

We now prove that the previous formula defines a right Lie action. First of all, we evaluate explicitly Rpj(Rp2Q), 
using the brace relations (8), Subsection 1.2: 

RpA^p,Q)^Q{P2,Pi} + Q{P2{Pi}} + {-1)^^'''^^^^''^-^^Q{Pi,P2}~ 

A similar expression is obtained evaluating Rp2(RpjQ): summing up the two terms with the correct signs, we find 

[Rp,,RpJ (g) = Q{P2m}} - (-1)"^^"«^^"Q{P1{P2}}- 

_ (-l)IIQIIII^^IIj^{Q,Pi} ^ {-i)\\Q\\(\lP^\\+\\P^\m.{Pi,Q} - (-i)IQI(l^il+l^^l)+l^illl^^lA{7^{Q}}+ 

+ (_l)ll^^ill(IIQIl+ll^'^ll):^{Q,P2} + (-i)l'31l(ll^ill+ll^^l)+ll^i"^^ll7^{F2,Q} + (-l)l«ll(l^ill+ll^^ll)7^{7\{Q}}. 
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Obviously, the first two terms on the right hand-side sum up to (5{[P2,^i]}- On the other hand, we consider 
[P2, Pi]{Q}: exphcitly, in virtue of Formula (10), Subsection 2.2, 

and a similar formula holds true for P2{-Pi}{Q} with obvious due changes. This yields [Rpj,Rp2] (Q) = i?[p,_Pj] (Q). 
Dually, R defines a (left) graded Lie module structure on A^A, which we denote by L. 

We have not yet considered the Aoo-algebra structure on A, i.e. the MCE 7. Since we have a graded Lie algebra 
together with a graded Lie module, then we can twist them by the MCE 7 and obtain a DGLA ( End (A), [7, ], [ , ]) 
together with a DGLM L-,,L). 

Further, we recall that we have a product U-y := d^^2 which makes End (A)[l] into a Gerstenhaber algebra up to 
homotopy. Analogously, we define an action (from the right) of End (A)[l] onto V-i as follows: for P G End(A) and 
Q G V-i, we set 

Qn^P:=Q U,(^) t(P) = t(7){g, P} - 7{Q, P} ■ 
Since Ut(^) is associative up to homotopy, with homotopy being given by d,(^) 3, then H-y defines the structure of a 
right module up to homotopy on T^-i, over End (A)[l]. Dually, we have a left module structure up to homotopy on 
A® A, which we again denote by n^. 

Moreover, the differential d^^i = [7, ], resp. b^_o,o = L^, is by definition compatible with the product U-y, resp. the 
action n^. 

Remark 2.8. A similar formula, where we switch P and Q, defines accordingly a right action of End (A) on A^A, 
which we will also denote by H^: one may think that this would lead to some confusion, but that both actions 
commute in the graded sense, since U commutes up to homotopy, thus, later on, we will not distinguish between left 
and right action from the notational point of view. 

Proposition 2.9. (A®^, L^, L, n^) is a T -module up to homotopy over the Gerstenhaber algebra up to homotopy 
(End(^)[l],d^.i,[ , ],U^). 

Proof. By the above arguments and computations, it remains to prove the homotopical versions of Identities (15) 
and (16) in Definition 2.6: in particular, we observe that we will prove the homotopical version of the modified 
Identity (17). 

We will only write down the explicit homotopy formula; with signs: the computations leading to their proof make 
use of the brace identities (8), Subsection 1.2, and of Identity (12), Subsection 2.2, since L and n can be described 
explicitly in terms of the brace operations on and Identity (12), Subsection 2.2 measures the failure of the two 
left Poo-actions mL,i, i = 1, 2, of being compatible. 

Explicitly, we have the homotopy formulaD, 

Lp,(P2 c) = [Pi,P2] n, c+ (-l)ll^ill(ll^^ll-i)P2 Lp,c+ (-l)"^^" (L^(mi;\'"(Pi,P2,c))- 

-nii;\'"(d^aPi,P2,c) - (-l)ll^^llmi-V°(Pi,d^,iP2,c) - (-l)«^^ll+ll^^llmi'V"(Pi, P2, L^c)) , 

and 

Lp.u.P.c+(-l)(ll^^ll-i)(ll^^ll-^)Lp,u.P,c = 

= (p^ Lp,c + (-i)(ii^iii-i)(ii^^ii+ii^ii"i)Lp,c Pi) + 

+ (_i)(ikii-i)(iip.ii-i) (lp,c P2 + [-i)i\\PMc\\-mp.\\-i)p^ Lp,c) + 
+ ([p^, p,] g + (_i)(ii^ii-i)(iiPiii+iiP2ii-i)c [p^, P2]) + 

+ (-l)ll^^ll (L,(mi-°'°(Pi,P2,c)) -mi'°'"(d,,iPi,P2,c) - (-l)IIP^IIm^-°/(Pi, d^aP2, c)- 
_(_l)l|P.II+l|P.V2.o,0(^^^p^^L,c)) +(-1)11^^11 (L,(mi-^^°(P2,Pi,c))-mi;r(d..iP2,Pi,c)- 

-(-l)ll^^llmi'°^°(P2,d,,iPi,c) - (-l)ll^^ll+ll^^llmi'",°(P2,Pi,L,c)) , 

for Pi, i = 1, 2, in End (A) and c in A® A. 

We observe that there is a homotopy formula, similar to the first one we have written down, for the right action 
H-y: this explains the appearance of many terms in the second homotopy formula. We observe that the graded 
anti-commutators in the second homotopy formula sum up in the corresponding cohomology, whence the second 
homotopy formula restricts on cohomology to (17). □ 
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3. Configuration spaces and integral weights 

In this Section wc discuss in some details compactifications of configuration spaces of i) points in the complex 
upper-half plane Ti. and on the real axis M, and ii) points in the interior of the punctured unit disk and on the 
unit circle S^. 

We will focus our attention on C2,o — ^1,1 s-i^d on its boundary stratification: it will play a central role in the proof 
of both compatibilities with cup and cap products. We will also take a better look at the compactified configuration 
space 62^1 — T^i2'- though it is not crucial in the forthcoming proofs, its boundary stratification leads to a better 
understanding of the homotopy formula for the compatibility between cap products, see e.g. [4]. 

3.1. Configuration spaces and tiieir compactifications. In this Subsection we recall compactifications of con- 
figuration spaces of points in the complex upper-half plane H. and on the real axis R, and of points in the interior of 
the punctured unit disk and on the unit circle S^. 

3.1.1. Configuration spaces C\ ^ and Ca- We consider a finite set A and a finite (totally) ordered set B. We define 
the open configuration space C\ ^ as 

CXb - {(P^ q)en^x \p{a) ^ p{a') if a ^ a' , q(b) < q{b') if b < b'} /G2, 

where G2 is the semidircct product R+ k R, which acts diagonally on Ti^ x via 

{X,n){p,q) = {Xp + ^i,Xq + H) (AeM+, fieR). 

The action of the 2-dimensional Lie group G2 on such n + m-tuples is free, precisely when 2\A\ -|- — 2 > 0: in this 
case, g is a smooth real manifold of dimension 2\A\ + \B\ — 2. 
The configuration space Ca is defined as 

Ca {peC^l p{a) ^ p{a') if a ^ a'} /G3, 

where G3 is the semidirect product R+ k C, which acts diagonally on C'^ via 

(A, n)p = Xp + n (A e R+, yu G C) . 

The action of G3, which is a real Lie group of dimension 3, is free precisely when 2\A\ — 3 > 0, in which case Ca is a 
smooth real manifold of dimension 2\A\ — 3. 

Finally, we observe that the spaces C^ ^ and Ca are orientable, see e.g. [1] for a complete discussion of orientations 
of such configuration spaces. 

The configuration spaces C^ q, resp. Ca, admit compactifications a la Fulton-MacPherson, obtained by successive 
real blow-ups: we will not discuss here the construction of their compactifications Ca, which are smooth 

manifolds with corners, referring to [20], [21], [3] for more details, but we focus mainly on their stratification, in 
particular on the boundary strata of codimension 1 of C\ ^ . 

Namely, the compactified configuration space ^ is a stratified space, and its boundary strata of codimension 1 
look like as follows: 

i) there is a subset Ai of A, resp. an ordered subset Bi of successive elements of B, such that 

(1^) (^M,BiC\^B - ^Ai,Bi ^ ^A^Ai,B~^BiU{*} • 

intuitively, this corresponds to the situation, where points in Ti, labelled by Ai, and successive points in M 
labelled by Bi, collapse to a single point labelled by * in R. Obviously, we must have 2|Ai| + — 2 > 
and 2{\A\ - \Ai\) + {\B\ - \Bi\ + 1) - 2 > 0. 
ii) there is a subset Ai of A, such that 

this corresponds to the situation, where points in 7i, labelled by Ai, collapse together to a single point * in 
n, labelled by *. Again, we must have 2|Ai| - 3 > and 2(|A| - |Ai | + 1) + |B| - 2 > 0. 

3.1.2. Configuration spaces D\ g and Da- We consider a finite set A and a finite, cyclically ordered set B. We define 
the open configuration space D\ g as 

{(p, q) e {D'Y X {S^ f \p{a) ^ p{a'), a ^ a', q{b,) < 9(62) < • ■ • < q{bi), b, < b2 < ■ ■ ■ < b,} / S\ 

where denotes the punctured unit disk. Here the group acts on Dj^ g by rotations: the action is free, precisely 
when 2|yl| + |-B| — 1 > 0, in which case D\ ^ is a smooth real manifold of dimension 2\A\ + \B\ — 1. 
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We also consider the configuration space 

DA^{pe (C><)^ |p(a) ^ p(a'), ay^a'}/R+, 

where acts by rescaling. It is obviously a smooth real manifold of dimension 2\A\ — 1, when 2\A\ — 1 > 0. 

We also observe that, analogously to the configuration spaces and Ca of the previous Subsection, ^ 

and Da are orientable: it follows along the same lines of the discussion in [1]. Moreover, they also admit natural 
compactifications obtained by successive real blow-ups. 

The boundary strata of codimension 1 of I?J[ g are given in the following list: 

i) there is a subset Ai of A, such that 

(20) dA,^oVXB^^A,xV+^^^,,. 

Intuitively, this corresponds to the situation, where points in labelled by Ai tend together to the origin. 
Clearly, we must have 2|Ai| - 1 > and 2(|yl| - \ Ai\) + \B\-1>0. 
ii) There is a subset Ai of A, such that 

(21) dA,vlg = CA,y<v+^^^^^^^g. 

This corresponds to the situation, where points in labelled by Ai collapse together to a point in _D^, 
labelled by *. We must impose 2|yli| - 3 > and 2(|yl| - |^i | + 1) + |S| - 1 > 0. 
Hi) Finally, there is a subset Ai of A and an ordered subset Bi of successive elements of B, such that 

(22) dAuBi'^A,B - ^AuBi ^ ^Ix Ai ,BxSiU{*} ' 

which describes the situation, where points in labelled by Ai and successive points labelled by Bi collapse 
together to a point in 5\ labelled by *. We have to impose 2|Ai| + \Bi\ - 2 > and 2{\A\ - \Ai\) + {\B\ - 
|Bi| + l)-l>0. 

3.1.3. An identification. Considering the special case A = [n] and B = [to], to > 1, we may use the action of to 
construct a section of g by fixing the first point in S*^ to 1. This section is diffeomorphic, by means of the Mobius 
transformation 

iP : nuR — >DU5K{l};zi — > ^—^ , 

where D is the unit disk, to a smooth section of C,|"_^]^ m-iJ given by fixing e.g. the first point in the complex upper 
half-plane 7-^ to i by means of the action of G2- 

Then, the compactified configuration space T^Xm '^^'^ identified with C^j^-y '^^^ observe that the cyclic 
order of the to points in translates naturally into an order of the to — 1 points on the real axis M. 

We point out that in certain situation it is better to use the compactified configuration spaces 2?+ „ instead of the 
equivalent C^^^ m-i' because i) a cyclic order is visualized in an easier way on and ii) we need two special points 
(the origin and the first point in S*^), which are also better visualized in the punctured disk D with boundary. 

We further consider the manifold for n > 1 and notice the identification D„ ^ C„+i: to be more precise, by 
means of complex translation, we may put e.g. the first point in C„+i at the origin, and using rescalings, one can 
put the remaining points in the punctured unit disk with boundary. Analogously as before, the compactification I?„ 
of Dn can be identified with C„+i. 

More generally, this identification remains possible for arbitrary A,B, after the choice of distinguished elements 
• £ A and o £ B. We consequently identify the codimension 1 boundary strata of V\ ^ with those of C^y{,j _B\{o} 
(higher codimension can be worked out along the same lines very easily): 

i) the situation (20) where points labelled by Ai collapse together to the origin corresponds to the situation 
(19), where points labelled by Ai U {•} collapse together to a single point in TL. which takes the role of the 
marked point •. 

ii) The situation (21), where points labelled by Ai collapse to a single point in D, corresponds to the situation 
(19), where points labelled by Ai collapse together to a single point in 7i, which will not be the new marked 
point •. 

Hi) The situation (22), where points labelled by Ai Ui?i, with o ^ Bi, collapse to a single point in corresponds 
to the situation (18), where points labelled by Ai U Bi collapse to a single point in M, which will not be the 
new marked point o. 

iv) Finally, the situation (22), where points labelled by Ai U Bi, with o g collapse to a single point in 
corresponds to the situation (18), where points labelled by the set {A\Ai U {•}) U {B\Bi) collapse to a single 
point in M, which will be the new marked point o. 
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3.2. Two remarkable compactified configuration spaces. We describe two remarkable compactified configura- 
tion spaces: the eye and the I-cube. 



3.2.1. The eye. We now describe explicitly the compactified configuration space €2^, known as Kontsevich's eye. 
Here is a picture of it, with all boundary strata of codimension 1, labelled by Greek letter, and codimension 2, labelled 
by Latin letters, which we will describe shortly afterwards: 



Figure 5 - Kontsevich's eye 

We first describe the boundary strata of codimension 1. 

i) The stratum labelled by a corresponds to C2 = S^: intuitively, it describes the situation, where the two 

points collapse to a single point in Ti; 
a) the stratum labelled by f3 corresponds to Ci^i = [0,1]: it describes the situation, where the first point goes 
to the real axis; 

iii) the stratum labelled by 7 corresponds to Ci.i = [0, 1]: it describes the situation, where the second point goes 
to the real axis. 

As already observed, we have the identification €2,0 = T^i,i, and we can thus reinterpret its codimension 1 boundary 
strata as follows: 

i) the stratum labelled by a corresponds to 2?i = 5^, which describes the situation, where the point in goes 
to the origin; 

a) the stratum labelled by (3 corresponds to Ci_i = [0, 1], which describes the situation, where the point in 

and the point on collapse together in S*^; 
in) the stratum labelled 7 corresponds to T>q2 — [Ojlli which describes the situation, the point in goes to 
S^, without collapsing to the single point of S^. 

We use the following pictorial representation for the latter situations, where we consider Kontsevich's eye as Pi i: 




a B T 

Figure 6 - Boundary strata of codimension 1 of Pi^i 

Finally, the two boundary strata of codimension 2 are each one a copy of Cf^2 ~ {pt}- The situations they describe 
can be depicted as follows: 




a b 



Figure 7 - Boundary strata of codimension 2 of Pi^i 



3.2.2. The I-cube. We now describe shortly the compactified configuration space €2,1 = 21 which will be called the 
I-cube: in particular, we are interested in its boundary strata of codimension 1 and 2. As in Subsubsection 3.2.1, 
we use Greek letters, resp. Latin letters, for labelling boundary strata of codimension 1, rcsp. 2. 
Pictorially, the I-cube looks like as follows: 
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a 



Figure 8 - The I-cube Caa = VJ^ 

Its boundary stratification consists of 9 strata of codinicnsion 1, 20 strata of codimcnsion 2 and 12 strata of codi- 
mension 3. 

Boundary strata of codimension 1. We illustrate explicitly the boundary strata of codimension 1: again, before 
describing them mathematically, it is better to depict them: 



a P Y 5 e 




Figure 9 - Boundary strata of the I-cube of codimension 1 



The strata labelled by a and /? are both described by Cg 2 x 2-'i,i, depending on the cyclic order of the two points in 
S^: since Cq2 is 0-dimcnsional, the strata a and /3 are two copies of Kontsevich's eye T>i^i. 

As for the strata labelled by 7 and 6, they are both described by Ci^i x V^^'- both Ci_i and correspond to 
closed intervals, whence 7 and 5 are topologically two squares. 

The strata labelled by e and 9 correspond both to ^ ^o,i: depending on the cyclic order of points in S^: 
recalling the results of Subsection 2.1, e and 9 are topologically two copies of the hexagon (this will be also clearer 
after the description of the boundary strata of codimension 2 of the I-cube). 

On the other hand, the strata labelled by rj and C arc both described by Ci.o x Vq^, depending on the cyclic order 
on S^: again, since Ci^ is 0-dimensional, an inspection of "Dq^ shows that 77 and ^ are topologically two copies of 
the hexagon (again, we deserve a careful explanation, when dealing with boundary strata of codimension 2 of the 
I-cube). 

Finally, the stratum labelled by ^ corresponds to Pi xP^2- since 2?i = and is a closed interval, topologically 
^ looks like a cylinder. 

The above picture describes the boundary strata of codimension 1 of X'^2- using the prescriptions of Subsubsec- 
tion 3.1.3, it is then easy to identify these boundary strata with the corresponding boundary strata of codimension 

1 of C2,l. 

Boundary strata of codimension 2. We discuss now some relevant boundary strata of the I-cubc of codimension 
2: we first illustrate all of them pictorially as follows, referring to the picture of the I-cubc for the notations: 
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Figure 10 - Boundary strata of the I-cube of codimension 2 

For our purposes, we need only describe explicitly the boundary strata labelled by e, /, ft., j, p, q and o: in fact, these 
describe certain boundary components of a particular imbedding of the plane square into the I-cube, which will be 
useful later on. 

The strata labelled by e and / are described as Vi x ^ T^oX- since ^i^d Pq.i arc both 0-dimcnsional, while 
Vi=S^, they can be identified with the pupils of the two brave new eyes. 

The strata labelled by h, j and p correspond all to Ci,o x C^^ x I?o,i, hence they correspond all to a closed interval, 
the only difference depending on the cyclic order on and on the corresponding order on M. 

As for the stratum labelled by o. it is described as Ci.o x C^^ x T^q2^ which is also topologically, by previous 
arguments, a closed interval. 

Finally, the stratum labelled by q is Ci.i x x 2?o.i: once again, it is topologically a closed interval. 

It is left as an exercise to identify the boundary strata of 2?j*^2 with the boundary strata of C2.I; according to the 
prescriptions of Subsubsection 3.1.3. 

3.3. Integral weights associated to graphs. In this Subsection we recall Kontsevich's, resp. Shoikhet's, angle 
forms and the corresponding weights, resp. modified weights, associated to graphs. 

3.3.1. Angle forms. Wc first need to specify a smooth 1-form on the configuration space C2,o- For any two distinct 
points p, g in H U K, wc define 

"fiP.fl) = TT-argf — ^ ) . 

27r \q-pj 

The real number ip(j), q) represents the (normalized) angle from the geodesic from p to the point 00 on the positive 
imaginary axis to the geodesic between p and q w.r.t. the hyperbolic metric of 7i UR, measured in counterclockwise 
direction. It is therefore defined up to a constant, and thus lu := dip is a well-defined 1-form. 

Lemma 3.1. The l-form uj extends to a smooth 1-form on Kontsevich's eye €2,0, with the following properties: 

a) the restriction of uj to the boundary stratum C2 = equals the total derivative of the (normalized) angle 
measured in counterclockwise direction from the positive imaginary axis; 

b) the restriction of lu to Ci,i, where the first point goes to the real axis, vanishes. □ 

We then define a smooth 1-form on the configuration space C3.0. For any three pairwise distinct points p,q,r in 
7i U R, wc define the modified Kontscvich angle function 

(23) (pD{p,q,r) ^ ip{q,r) - (p{q,p) , 

and set ujo = dipo- 

Lemma 3.2. The l-form ujj extends to a smooth 1-form on €3^0, with the following properties: 

a) its restriction to C2.1, when the second point approaches the real axis, vanishes; 

b) its restriction to C2.0 x Ci^i, when the first and second point collapse together to the real axis, equals —t:\ijj; 

c) its restriction to C2 x C2.0, when the first and second point collapse together in the upper half-plane, equals 
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d) its restriction to €2,0 x Ci^i (resp. C2 x C2fi), when the first and third point collapse together to the real axis 
(resp. in the upper half-plane) , vanishes; 

e) its restriction to €2,0 x Cia, when the second and third point collapse together to the real axis, equals ttIuj. 

f) its restriction to C2 x €2,0, when the second and third point collapse together in the upper half-plane, equals 
ttIlu — 7^2'^- O 

Using the prescriptions of Subsubsection 3.1.3, it is easy to identify the boundary strata of €2,0 in Lemma 3.1 and 
the boundary strata of C3 in Lemma 3.2 with the corresponding boundary strata of I?i 1 and 232,1. 
In particular, here is a useful pictorial description of the angle function (23): 



'PDip,q,r) 




Figure 11 - The modified Kontsevich's angle functions ipo 



3.3.2. Integral weights associated to graphs. We consider, for given positive integers n and m, directed graphs F with 
m + n vertices labelled by the set V(F) = {1, . . . ,n,l, . . . , m}. Here, "directed" means that each edge of F carries 
an orientation. Additionally, the graphs we consider are required to have no loop (a loop is an edge beginning and 
ending at the same vertex). To any edge e = (i,j) of such a directed graph F, we associate the smooth l-form 
LOe TTgLj On C^„, whcrc TTe : — > €2,0 is the smooth map given by 

[{zi,...,Zn,Zj,...,Zjn)] > > [{zi, Zj)] . 

Then, to any directed graph F without loop, and denoting by £{T) the set of its edges, we associate a differential 
form 

(24) wr := /\ c^e 

ee£(r) 

on the (compactified) configuration space C,"|"„. 

Remark 3.3. We observe that, a priori, it is necessary to choose an ordering of the edges of F since ujr is a product 
of 1-forms: two different orderings of the edges of F simply differ by a sign. This sign ambiguity precisely coincide 
(and thus cancel) with the one appearing in the definition of Br (see next Section). 

We recall that C,"|'„^ is oricntable and its orientation specifies an orientation for any boundary stratum thereof. 

Definition 3.4. The weight Wr of the directed graph F is 

(25) Wr ■■= [ ior- 



Observe that the weight (25) truly exists since it is an integral of a smooth differential form over a compact 
manifold with corners. 

In the same way, we define a modified weight associated to a graph without loop F with m + n + 1 vertices labelled 
by V(F) := {0, . . . , n, 1, . . . ,m}. To any edge e = («, j) G f (F), we associate a smooth l-form ujD,e on I3^„ by the 
following rules: 

• if neither i nor j lies in {0, 1}, then LOD,e '■= tt^q ^j-^luo, where 



(O.iJ) • "^n.ni — ^n+l,m-l * ^3,0 



[{za,...,Zn,Z^,...,Zjn)] ' > [{zQ,Zi,Zj)] 

if i = and j ^ 1, then ojn.e Tr*^ j-^uj, where 

[{zo,...,Zn,Z2,.--,Zrn)] ' > [{Zi, Zj)] ; 
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• if j = 1 and i ^ 0, then ujD,e '■= P*^ j^^, where 

[(^li ■ ■ ■ 1 ^Tii ^Y' ■ ■ ■ 7 ^m")] ' ^ [(^^5 ^i)] ? 

• if i = 1 or j = or (i, j) = (0, 1), then ijJD,e — 0. 
Then, as above, 

(26) ujd.t f\ ^D,e 

eG£(r) 

defines a differential form on T)^^. 

Definition 3.5. The modified weight Wd,t of the directed graph F is 

(27) Wd.t := / i^D.r • 

J-D+ ,„ 

3.4. Explicit formulae for Kontsevich's and Tsygan's formality morphisms. We quickly review the con- 
struction of i) Kontsevich's ioo-quasi-isomorphism lA, and ii) Shoikhet's ioo-quasi-isomorphism S respectively. 

3.4.1. The Lrxj- quasi- isomorphism U. For any pair of non-negative integers (n, m), a K-admissible graph F of type 
(n,m) is by definition a directed graph without loops and with labels obeying the following requirements: 

i) the set of vertices V(F) is given by {1, . . . , n, 1, . . . , m}; vertices labelled by {1, . . . , n}, resp. {1, . . . , m}, are 
called vertices of the first, resp. second, type; 

ii) every edge in £{T) starts at some vertex of the first type and there is at most one edge between any two 
distinct vertices of F. 

For a given vertex v of F, we denote by star(w) the subset of £(F) of edges starting at v. then, we assume that, 
for any vertex of the first type v of F, the elements of star(w) are labelled as (ej,, . . . , ei'^''*'^""). By definition, the 
valence of a vertex v is the cardinality of the star of v. The set of K-admissible graphs of type (n, m) is denoted by 

Remark 3.6. In the following we will use integral weights associated to graphs introduced in the previous Section. 
We can restrict ourselves safely to K-admissible graphs such that |£^(F)| = 2n + m — 2 as one can easily see that the 
weights vanish in any other situation. 

Finally, we define the n-th structure map Un of Kontsevich's Loo-quasi-isomorphism by 

n 

(28) l(^:=Yl E ^rC/r : A^poiy(^) ^;oiy(^)[l " n] , 

)ri>orGe;^'„, 

where J7r(Q;i, . . . , a„) is a m-polydifferential operator naturally associated to the graph F and polyvcctor fields 
ai, . . . , a„, as defined in [20] (see also [8, Appendix A. 8]). 

Theorem 3.7 (Kontscvich). The Taylor components (28) combine to an Lao -quasi- isomorphism 

of Loo -algebras, whose first order Taylor component reduces to the Hochschild-Kostant-Rosenberg quasi-isomorphism 
in cohomology. 

The complete proof of Theorem 3.7 is given in [20]: the main argument of the proof relies on a clever use of Stokes' 
Theorem to derive quadratic identities for the weights (24) of (28), which in turn imply the quadratic identities for 
(28), corresponding to the fact that lA is an Loo-niorphism. 

3.4.2. The Loo-quasi-isomorphism S. The construction of S is similar, in principle, to the construction sketched in 
the previous Subsection, but presents certain subtleties, which we need to discuss also for later purposes. 

An S-admissible graph of type (n,m) is a directed labelled graph F without loops and such that: 

i) the set of vertices V(F) is given by {0, . . . , n, 1, . . . , m}; vertices labelled by {1, ... , n}, resp. {1, . . . , to}, are 
called vertices of the first, resp. second, type; 

ii) every edge in £{T) starts at some vertex of the first type and there is at most one edge between any two 
distinct vertices of F; 

iii) there is no edge ending at the special vertex 0. 

The set of S-admissible graphs of type (n,m) is denoted by Qnm- 
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Remark 3.8. As above we can restrict ourselves safely to S-admissible graphs such that |f (r)| = 2n + m — 1, as the 
modified weights vanish in any other situation. 

We now consider an S-admissible graph in Gnim such that |star(0)| = L To n polyvector fields {71, . . . ,7,1} on 
such that |star(fc)| = |7fc| + 1, fc = 1, . . . , n, and to a Hochschild chain c = (ao|ai| • • ■ |am_i) of degree — m + f , we 
associate an /-form on V (whose actual degree is — Z, following the grading in [24]) defined via 

(29) (a,5'r(7i,---.7n;c)) := ?7r(a, 7i, • ■ • . 7n)(ao, • ■ • , a^n-i) • 

The graded vector space C'^^^ {V) with Hochschild differential and DGLA action L over the DGLA Dpa\y{y) has 
a structure of a DGM: if we compose L with the Loo-quasi-isomorphism hi, CY^^^ iV) becomes an ioo-module over 

the DGLA rpoiy(V^). The n-th Taylor component Sn of S from the Loo-module C5^°'^(F) to the ioo-module VL~*{V) 
(actually, this is a true DGM, with trivial differential and action L given by the Lie derivative w.r.t. polyvector fields) 
over TpQiy(^) is given by 

71. 

(30) 5„ := E E W^^.r5r : ^T;,^y{V) ® Cr^^ {V) -> ^-'{V)[-n] . 

m>i regs ^ 

Theorem 3.9 (Shoikhet). The Taylor components (30) combine to an Loo-quasi-isomorphism 

s ■.c'^°^y{v) ^n-'{v) 

of Loo-modules over T,{V), whose 0-th order Taylor component reduces to the Hochschild-Kostant-Rosenberg quasi- 
isomorphism in homology. 

We refer to [24] for a complete proof of Theorem 3.9: the proof of the quadratic identities satisfied by the weights 
(27) of (30) can be found in [24], and relies again on a clever use of Stokes' Theorem. 

4. The compatibility between cup products 

We borrow the notation from Sections f , 2 and 3: in particular, (m, dm) is as in the introduction, and accordingly 
we consider the twisted DGLAs T^^^^iV), V^^^y^V) with corresponding new gradings, products, differentials etc. 
We further consider a general MCE 7 in T^o\y^^) 

(31) 7 = 7-1 + 70 + 71 + 72 H , 

where the suffix refers to the polyvector degree, which satisfies the MC equation 

dm7+ ^[7,7] = 0. 

We denote by ^^(7) its image w.r.t. the (extension of the) Loo-quasi-isomorphism hi of Theorem 3.7, Subsubsec- 
tion 3.4.1, i.e. 

It is a MCE in L)pQjy(y), with infinitely many components of different polydifferential operator degree. 

4.1. The homotopy argument for the cup product. We consider Kontscvich's eye €2,0, and a smooth curve I 
therein, with starting point £(0) on the pupil C2 and final point in any one of the boundary strata of codimcnsion 
2, C(^2j ^-iid such that tit) in C2.0, for t in (0, 1), e.g. 




the curve I 
Figure 12 - The curve £ in C2,o 
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More generally, for any pair of non-negative integers (n, m), such that n>2 (hence, automatically, 2ri + m — 2 > 0), 
we consider the subset ^-^ of C^^, which consists of those configurations, whose projection onto C2.0 through 7ri.2 
is in 

Subsets of the form 2,^,„ were introduced in [20], and they were analyzed more carefully in [21]: they are actually 
submanifolds with corners of C^„j of codimension 1, and they inherit an orientation from the orientation of t and of 
the spaces C+„ themselves, as shown in [21]. 

Another important feature of -Z^j„ is the characterization of its boundary: for our purposes, we are interested 
only in its boundary strata of codimension 1, which are of the following type: 

i) Configurations of C^„^, such that their projection onto C2.0 is ^(0): this boundary stratum is denoted by 
^nm 0- explicitly, a general component Z of -Z^,„ q splits as 

Z = CJ4 X Cn-\A\ + l,nn 

where A is a subset of [n] with 2 < |A| < n, which contains the points labelled by 1 and 2, and C\ denotes 
the subset of Ca, such that the projection onto C2 = 5'"'^ (corresponding to the points 1 and 2) is a fixed point 
of 51. 

ii) Configurations of C^m, such that their projection onto C2,o is ^(1): this boundary stratum is denoted by 
^nm 1- ^ general component Z of Z^^^ splits as 

where 1 < |Ai| < n, < < m, I < IA2I < n, < \B2\ < m, < [^a] < n, 2 < \B^\ < to, 1 e ^1 and 
2 e A2. 

o + 

Hi) Non-trivial intersections of boundary strata of codimension 1 of C^,„ with the interior Z^-^ ,^ of Z^^-^: this 
we denote by Z^ ^. We observe that, in this case, the first and second point of are distinct and lie on 
the curve £. The explicit form of a general component Z of Z^ ^ will be described explicitly later on. 

Pictorially, configurations of points in the boundary strata of of type i) and ii) look like as follows: 




Figure 13 - Typical configurations in the boundary strata of 2^^j„ of type i) and ii) 

For a MCE 7 as in (31) and any two m-valued polyvector fields a, (3 on we will construct a bilinear map TY^jf 
from T^o\yi^)®T^o\y{'^) to T^poiyl^) such that the following identity holds true, 

U^{a U /3) - U^{a) U U^{P) = H?/((d„a + [7, a], /?) + (-l)!"!^?/ (a, d^p + [7, /?])+ 

+ (dm + dH + Lj^(^))H^(a,/3). 
First of all, for a non-negative integer to, we define 

7^5/'™(a,/3) = ^ M^rC/r(a,/3,7,...,7), 



(32) 



Ti>o Teg'' 



where now the weight Wr of an admissible graph F in Q,^ 



n+2.m 



o + 



with the same notations as above. Finally, we set 

H^/(a,/3) = ^H^-'"(a,/?). 



m>0 



22 



DAMIEN CALAQUE AND CARLO A. ROSSI 



We want to reinterpret (32) in terms of equalities between weights: we observe that the m- valued poly vector fields a 
and /3 are put at the first and second vertex of the first type of any graph F appearing in the morphisms Un ■ 
We first observe that both expressions on the left-hand side of (32) can be re-written as 

(33) U^{a\^(i) = Y, ^^"+2^"' 7, • • • , 7), 

„>o "^T^ 

(34) U^{a) U W^(/3) = ^Wi+2(«, A 7, ■ • ■ , 7), 



n! 

?i>0 



where the morphisms M^+2i * = 0, f , > 0, arc defined as in (28), the only difference being that the weights (25) 
have been replaced by 

Wl^ \ wr, i = 0, f , 



+ 2,11 



for any graph F in Q^^2 m- We refer to [3,21] for an explicit proof of (33) and (34), which we omit here. 
Stokes' Theorem implies the following identity between weights: 



Wr - VF" = Wr ■■= [ 
Jz 



for any graph F in 0^+2 m- Hence, the proof of (32) is equivalent to evaluating explicitly the weights on the right-hand 
side of the previous identity. 

Wc inspect more carefully the weights Wr, for a general graph F in Qn+2 m- For this purpose, we consider Z^^2 m'- 
as was observed earlier, Z^_^2 m ^hc intersection of boundary strata of codimension 1 of C^^2 m with the interior 
of Z^^2 m- Hence, the possible strata Z of Z^_^2.m ^'^^ of the following form, recalhng that in Z^j^2.rm ^^^^ two 
points in 7i remain distinct and lie on the curve 7: 

i) there is a subset ^ of [n -|- 2], which contains at most one of the first two points of C^+2.m' s^'^h that 

Z = {Ca X Cn-\A\+3.,7n) ^ ^n+2,m = Ca ^ Zn-\A\+3,im 

where 2 < |^| < n + 1. 

ii) There arc a subset A of [n -I- 2] and a subset B of [m] of successive integers, such that A does not contain 
neither the first nor the second point of C^_|_2 such that 

^ — i'^A.B ^ '^n-\A\+2,m~\B\+l) ^ ^n+2,m = ^^,5 ^ ^n-\A\+2,m-\B\ + lJ 

where < |^| < n and < < m. 
in) There is a subset A of [n + 2], which contains both the first two points of C^_^_2 rin such that 

+ + 0+ o+ ^ 

^ — i'^A.B ^ C^_|AH-2,m-|S|+l) ^n+2,m = ^ A,B ^ C„_ |^|_,_2,jri- | B| + l ' 

where 2 < |^| < n + 2 and < |S| < m. 
We consider now the restriction of weights to strata of type i), ii) and Hi) of Z^^^2 m- 

4.1.1. Strata of type i). Graphically, a typical configuration of points in a general component of the boundary stratum 
■^nm of type i) looks like as follows: 




Figure 14 - A typical configuration in a general component of the boundary stratum of Z^^ of type i) 
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We have two subcases of i), namely, when ii) exactly one of the first two points is in A, or «2) neither of them is in 
A. Any weight (25) splits as 



t^r = / ^Pa /o+ ^t--^^ 

Z JCa -Z„_|A|+3,m 

where Ta, resp. F^, denotes the subgraph of F, whose vertices are labelled by A and whose edges have both endpoints 
in A, resp. obtained by contracting the subgraph F^i to a single vertex. 

By Kontsevich's Lemma 9.1, Appendix 9, the first integral on the right-hand side does not vanish, only if \A\ = 2 
and Ta consists of a single edge connecting the two points in A, in which case, by Lemma 3.1, it equals 1. Therefore, 
the graph F"^ is in Qn+i^m'^ the weighted sum of polydifferential operators associated to subgraphs F"^ corresponds 
either to the action of a or /? on 7, in case ii), or, in case 12), to the action of 7 on itself w.r.t. the Schouten-Nijenhuis 
brackets. 

The sum over all possible admissible graphs F, whose splitting as above is non-trivial, of the corresponding weights 
and polydifferential operators gives the first two terms of (32), up to dn, and polydifferential operators containing 
the Schouten-Nijenhuis brackets of 7 with itself. 

4.1.2. Strata of type ii). For a better understanding, here is the graphical representation of a typical configuration 
of points in a general component of the boundary stratum ^,^,„ of type ii): 



\2 



Figure 15 - A typical configuration in a general component of of type ii) 
We consider the case ii): for any graph F in Gn+2 im the weight Wr restricted to a component Z of Z„+2.?ri splits 



as 




with notations similar to those in Subsubsection 4.1.1 

T . <^Ii,,o fV,« o,,Km,m^Ii . _ 

'\A\,\B\ 



By Lemma 3.1, there can be no outgoing edge from Ta,b'- thus, the subgraph Ta,b is in Qf^M 1^1, and so is F'^'^, 



and we have the splitting 

ujr = i^TAB / ^P^ B • 

Jz Jets ^ J 

-2„-|A|+2,m-|i3| + l 

Therefore, the sum over all possible admissible graphs F (whose splitting as above is non-trivial) of the corresponding 
weights and polydifferential operators yields TL^{a, f3){^}, recalling the brace identities and j :— fj, + h{{j). We 
observe that the standard multiplication /i appears, when A^ = and Bt, ~ {1, 2}. 

4.1.3. Strata of type Hi). Here is a pictorial representation of a typical configuration of points in a general component 
of the boundary stratum of ^ of type Hi): 



C,i-|_4|.m-|B|+l 




Figure 16 - A typical configuration in a general component of Z^ ^ of type Hi) 
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For an admissible graph in Gn+2,m, the weight Wr restricted to Z splits as 




with the same notations as before. 

By Lemma 3.1, again, there are no outgoing edges from Tj^ B^ hence both Ta b and F"^'^ are admissible, and in 
fact we have the splitting 



A.B /o+ '^r^' 

-2 A R 



''„_|A| + 2,m-|f3| + l 

Therefore, summing up over all possible admissible graphs F, with non-trivial splitting as above, of the corresponding 
weights and polydifferential operators gives 7{7Y?jf (a, /?)}; we observe, once again, that the standard multiplication /i 
appears, when A = [n + 2] and \B\ = m — 1. 

Finally, since dn is a differential, the MC equation for 7 permits to re-insert it in (32), using the Leibniz rule. 

5. The compatibility between cap products 

We now come to the proof of the compatibility between cap product in the case oi X — W^. Borrowing the 
notation from Sections 4 and 5, we construct a linear operator 

(with abuse of notations from Section 4), which is required to satisfy the following homotopy property: 

S^{u^{a)r\cj ~ar\S^{c)^ (dm +L^)(H:^(a,c)) +n'^{d^a + [-f,a],cj + 

+ (-1)"""^:^ (a, dn,c + bnc + Lj^(^)c) , 

for a MCE 7 in T^a\y{V) as in (31), Section 4, a general m-valued polyvector field a and a general Hochschild chain 
c on A with values in A, A being the graded algebra of m-valued functions on V . As usual, we define TL^ in terms 
of graphs and weights associated to them. Namely, with a and c = (ao| • • • |a,„) as above (m > 0), we have 

(36) ^7("'C):-^^ WDxST{a,i,...n:c), 

n>0 ■ TeQ^ ' 
— ^ "=^Il+l,77^+l n times 

o 

where WD,r are certain weights defined as suitable integrals. 

5.1. A curve on Kontsevich's eye 2?i 1 and related configuration spaces. We consider the curve £ on Kont- 
sevich's eye with initial point ^(0) on a, and final point £{1) = b, which corresponds to the following imbedding 
of the open unit interval into the open configuration space Di i: 



(35) 




the interior of the curve H 
in Pi.i 




the curve i 
Figure 17 - The curve £ in Pi i 



For the labelling of all boundary strata of the brave new eye, we refer to Subsubsection 3.2.1. We also observe that, 
under the identification 2?i.i ~ C2.0, the curve £ corresponds to the curve on Kontsevich's Eye of Subsection 4.1. 

We consider the subset y^,„ of nn n > 1 and m > 1, consisting of those configurations, whose projection 
onto (which extends the natural projection from Dn^m onto onto the first point in D and the first point 

in S^) belongs to the curve £. Pictorially, 
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Figure 18 - A typical configuration in 



The dashed hne represents the curve, along which the first point in D moves, which we have denoted by o, connecting 
it with the first point in (w.r.t. the cyclic order). 

The set yn mi for n> 1, is a smooth submanifold with corners of 2?,tm7 of codimension 1; it inherits an orientation 
from the orientation of the curve and of X'^.m- 

We need to characterize explicitly the boundary strata of y^m of codimension 1: this is analogous to what was 
done in Subsection 4.1, whence the strata consist of 

i) configurations in whose projection onto Vn is ^(0) (the corresponding strata are denoted collectively 

by yti^y^ 

a) configurations in 2?^,„, whose projection onto I?i i is ^(1) (the corresponding strata are denoted collectively 

by ylmAYi 

o + 

iii) the intersection of boundary strata of codimension 1 of r',^ .„i with the interior y„ „j of Xtm (tbe corresponding 
strata are denoted collectively by y^,„). 

It is clear that all such boundary strata are submanifolds with corners of I?^,„ of codimension 2. 

In the forthcoming Subsections, we prove that aniS-y(c), S.y(Uj{a) He), and the r.h.s. of (35) can be expressed via 

o 

a formula similar to (36), involving new weights p, Wj^ p and WdX: where, for any S-admissible graph F G Gn mj 



5.2. A formula for ariSj{c). We first consider the boundary strata y^m o- if '^ot difficult to verify that a general 
component Z of y^m o f^^ form 



Z = P'i X P+ ,,, , 



where A, \A\ > 1, contains at least the first point in D, and 2?^ is a smooth submanifold of Va of codimension 1, 
whose elements are configurations in Va, whose projection onto the first point is fixed (since £{0) represents in fact 
a point in D which approaches the origin along a fixed direction in S^). Graphically, 




Figure 19 - A typical configuration in y^m o 



Lemma 5.1. For any admissible graph F in Gn+i m+iJ weight p vanishes if the vertex 1 has at least one 
incoming edge. Otherwise, the identity 

holds true, where Fq € Gnm+i obtained from F by collapsing the vertices and 1. 
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Proof. By the above characterization of the components Z of 3^^^^ m c ^^"^ ^ general admissible graph F as in the 
assumptions of Lemma 5.1, we have the following factorization 

where Z is a general component of J'^,„.o, and where Ta is the subgraph of F, whose vertices are labelled by A and 
whose edges have at least one cndpoint in A, and F^ is obtained from F by contracting F^i to the single vertex 
labelled by 0. 

We focus our attention on the inner integral in the previous factorization. 

We first observe that, if there is exactly one edge from to 1, then, by means of Lemma 3.1, a), the integrand 
vanishes, since a;|i5j=c2 is the derivative of a constant angle, hence it is trivial. 

Further, using Lemma 3.1, a), and Lemma 3.2, c) and /) (and the characterization of the restriction of luq to the 
boundary stratum C3 x Ci^ of C^^) to explicitly evaluate the integrand lod.Ta ^^^d by dimensional reasons, 

all factors in ojdxa which live on V\ are products of Kontsevich's angle function on C2. We can therefore apply 
the arguments of the proof of Kontsevich's Lemma 9.1, Appendix 9, whence the only possibly non-trivial integrals 
appear, when \A\ = 1, i.e. T>\ consists of a single point on S"^. 

Since there are no edges connecting with 1, when \A\ = 1, there can be some edge from 1 to some other vertices 
(of first or second type), or some edge with endpoint 1. 

We write star(l) = {e}, . . . , e^}. In the first case, by Lemma 3.2, c), the integrand lod,Ta product of the form 

p 

i^D.TA\-DA = /\i^D,e1 +^^102)- 
fc=l 

Again, since Kontsevich's angle function is constant by construction, lu\c2 vanishes, the inner integration over a 
0-dimensional point may be then discarded, and the only non-trivial factor surviving integration is Afc=i e^- The 
previous product can be re-inserted into the remaining integrand ujjj pyi , and, denoting by Fq this new graph, the 
claim follows. 

In the second case. Lemma 3.2, d), immediately implies the claim. □ 
Proposition 5.2. For 7, a and c as above, the following identity holds true: 

(37) an5^(c) = ^^ VF°,r^r(a,7,---,7;c). 

(Sketch of proof ). On the one hand, the l.h.s. of (37) can be re-written as 



^ n< 



On the other hand, we consider the r.h.s. of (37): by Lemma 5.1, the weights p are non-trivial only for those 
admissible diagrams F, whose vertex labelled by 1 has no incoming edges, in which case the sum simplifies to 



nl ^ ^ ^^■rogr(a,7, . . . ,7;c) . 



">0 Toee^ , , reo 



+ l,m 

ro^r 



In the previous expression, the third summation is exactly over those admissible graphs, whose vertex 1 has no 
incoming edges and whose contraction of the vertices and 1 is the admissible graph Fq. 
Finally, we observe that for any fixed graph Fq G tJ,f „i+i, 

6a5'ro(x_^^;c) = ^ 5'r(Q;,7, ,7; c) , 

ro^r 

which ends the proof of the proposition. □ 
5.3. A formula for S^{U^{a) fl c). A general component Z of the boundary stratum y^m 1 has the explicit form 

where Ai, i = 1,2,3, are disjoint subsets of [n], with 1 < \Ai\ < n, < IA2I < n, < \A^\ < n, with n = 
|^i| + |^2| + |^3|5 and Bi, i = 1, 2, 3, are disjoint ordered subsets of [m] of successive elements, such that 1 < |i?i| < m, 
2 < IS2I < m, 1 < IB3I < m, and TO= -f IB2I + l^a]. 
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Here is a pictorial representation of a typical component Z of 




Figure 20 - A typical configuration in ^ 

We consider a component Z of X^i+i^m+i as in (38), and, for an S-admissible graph F in ^,f_|.i ,„_|_i as before, we 
denote by 

i) Ff the subgraph of F, whose vertices are labelled by A\ VAB\\ 

ii) Ff the graph with vertices labelled by A2 U {B2 U {*}), which is the quotient of the subgraph F (with vertices 

labelled by (^1 U A2) U {Bi U B2)) by Ff , and * corresponds to the contraction of Ff ; 
Hi) Ff the graph with vertices labelled by (^3 U {0}) U {B3 U {1}), which is the quotient of F by F. 

Lemma 5.3. For a general component Z of y^^i i as in (38) and a general S -admissible graph F in Gn+i m+n 
the identity 

(39) J bJDx = WyzWyzWd,y-^ 

holds true. 

Proof. First of all, if there is an edge e.g. from Ai to A2, we may apply Lemma 3.2, a) or d) to show that the 
corresponding contribution vanishes; the same argument implies the claim in all other cases. We observe that this 
also implies that F,;, i = 1, 2, 3, is admissible. 
Hence, we have the factorization 

^^,rlc+. „ xC+ „ xX)+ „ = / , ^DXi / , ^D.T2 / , ^D.y-^- 



^'ll.-Bl '"-42,32 -^Aa.Ba 



Finally, we use Lemma 3.2, e), to reduce the first two factors in the previous factorization to usual Kontsevich's 
weights (25): in fact, we have 

'^D,rJc+ = ^r,, i = 1, 2, 

and the claim follows directly from the definition of (25). □ 
Hence, Lemma 5.3 implies, more generally, the following factorization property: 
(40) Whs =T.^rfWrzW^ 



z 



where Z runs over components of the type (38) of y^+i m+i i- 



Proposition 5.4. For^, a and c as above, the following identity holds true: 

(41) 5^(iY^(a)nc) = ^^ Wh,rSr{a,j,...,r,c). 

Sketch of proof . We consider the left-hand side of (41): it can be re-written as 

E E E E Wr^Wr.Wos, E 

mi,m2,m3>0 •-^^ni + l^m-^ -^=^112,1712 + 1 ^ = 113 , nig + 1 p-i = m3 

Srs{j, ... ,7; {Ur^il, ■ ■ . ,7)(ap-(-i, . . . ,ak,Uri{a,j, . . . ,7)(afc+i . . . ,afc+,„J, . . .,&;))] . . . jap^ 



"3 
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As for the right-hand side of (37), we apply Lemma 5.3: 

E;7i E E^rfW^rfW^D,rr5r(a,7,...,7;c), 



n'. 

n>o ree,f+i„_^i ^ 



where, for an admissible graph F, Z runs over all possible decompositions of T into three admissible graphs as above. 
Finally, for any triple (Fi, F2, F3) and any component Z of y^^^i „^_^^l as above, one can show that^ 

(7, • • • , 7; {Ur2 (7, • ■ • , 7) [ap+i, ■■■,ak, Ur^ (a, 7, ... , 7) (ak+i . . . , afc+m J, . . . , a;)) | . . . \ap^ = 



S'r(a,7, • ■ • ,7,c) . 



We observe that the component Z determines the indices k,l,p. To finish the proof of the Proposition, it remains 
to compute the number of elements in the sum of the r.h.s. of the last identity: we let the reader check that it is 
precisely — — r- D 

^ ni!n2!n3! 

Remark 5.5. In the case m > 1, the projection 'D^_^-^ -» Vi i factors through -» I'^2 ^ T^i,!- 

Moreover, the inverse image of through the last projection consists of the union of the following components of 
the Fcube (see Figure 8): j, q, p, o and h. The detailed contribution of the inverse image of each of these components 
through j^^i -» Z^i~2 follows: j) k > and p ^ m, q) k = 0, mi 7^ and p ^ m, p) mi = and 7712 ^ 0, 

o) mi = m2 = and p ^ m, h) p ~ m and toi = m2 = 0. 

5.4. The homotopy formula. Smirmarizing the results of Propositions 5.2 and 5.4, we may write 
S^{U,ia)nc)~anS-,{c)^Y.^^ E (^AT-^l^,r)^r(a,7,...,7;c). 

n>o rGe^^,_„+, " ' 

Then, for any S-admissible graph F G Gn,nn we have 

= / du;D.r= [ ujd.f = ^ - Wj^ r - Wdx , 

where the second equality is a consequence of Stokes' Theorem. It thus remains to analyze the contributions coming 
from integration over components of y,^„i, which are of three types: 

i) there is a subset A of [n] which may or may not contain the vertex 1, such that 

z - (Ca X P+_|^|+i^,„) n yl,, - X S'li^i+i,^ 

and 2 < |A| < n. 

a) There is a subset A of [n] , which does not contain the vertex 1 . such that 

0+ + 

Hi) There is a subset A of [n] , which does not contain the vertex 1 , and an ordered subset B of successive elements 
in [m], such that 

0+ ^ + 

Namely, such components are intersections of boundary strata of codimension 1 of P^nj with the interior of 
7r~^ (^(]0, ![)) . Hence, a configuration in Yj^„^ is such that the first point in approaches neither the origin 
nor 5*^ 

For any S-admissible graph F e Gn,m ^^'^ component Z of F^^, we write 

(42) WEr-= [ ^D.T- 

J z 



^Here we assume that ni + 712 + = n and mi + m2 + = m + 1. 
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5.4.1. Contribution of components of type i). We consider components of type i) of y,^,„: to get a better under- 
standing of them, here is a pictorial representation of possible configurations in two distinct general components 




Lemma 5.6. For an S-admissihle graph T e Qn+i m+i ^'^^ component Z of yj^j^ of type i) as before, the 
weight p is non- trivial only if \A\ =2 and there is exactly one edge connecting the vertices labelled by A, in which 
case we have 

Wor = ■= /„+ ^D.r^, 

where is obtained from T by contracting the vertices labelled by A and eliminating the edge between them. 
Proof. First of all, we have the following factorization of (42): 

where V a, resp. F^, is the subgraph of F, whose vertices are labelled by A and whose edges have at least one endpoint 
in A, resp. the graph obtained from F by contracting F^ to a single vertex. 

Using Lemma 3.2, /), we re-write the first factor in the previous factorization as 

Ca 

if \Eya \ > 2, whence, by Kontscvich's Lemma 9.1, we conclude that it vanishes. 

Thus, F^ can have at most one edge: dimensional reasons imply that |A| ~ 2. The corresponding integral 
does not vanish iff Ta consists of a single edge connecting the two vertices labelled by A: by Lemma 3.2, /), the 
contribution of such an integral is 1 (since the integral over C2 = of the piece —1^2^ of the restriction of uju 
vanishes, as 7r2W is not on S^). It is also clear that, in this case, F"* is an admissible graph in Q^_i „^^i. □ 

Proposition 5.7. For 7, a and c as above, the following identity holds true: 

E E^ir5r(a,TV^;c) = 

1 -sr^ 1 



(43) = oE („_2V E VFc,r5r(a,[7,7],TV- VT;c) + 



n>2 ^ ' res. 




n-1 



^ (71-1)- 

n>i ^ > res, 
where Z runs over components of type i) o/y^^j^ m+i- 

Sketch of proof . By Lemma 5.6, the only components Z of type i) yielding non-trivial weights are those of the form 

+ 

Ca X 3^„ m+ii where |y4.| = 2: thus, the left-hand side of (43) can be re- written as 



EryE E E VFz3,r^5r(a,X_. V7;c), 



n. 

n>0 A r-4gg 



where the notation F'^ -< F means that F'^ is obtained from F by collapsing the vertices of F labelled by A and the 
only edge between them; the second sum is over all A C [n] such that 1^41 = 2 (i.e. over the above components Z of 
type i)). 
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Terms involving [7,0], resp. ^[7,7], correspond to components Z for which A contains 1, resp. does not contain 
1. □ 

Now, combining the MC equation for 7 with Leibniz's rule, we get 

(n - l)S'r(a, [7, 7]. 7. ■ - . 7 ; c) = d,n(5'r(a, 7, ■ - ,7 ; c)) + S'r(dm(a), X_^V7; c) ± 5r(Q;, 7, ■ - , 7 ; dm(c))) , 

n — 2 n — 1 n— 1 n— 1 

which implies, thanks to Proposition 5.7, that 

E E^ir^r(a,7^^;c) = 

(44) ">o 'recf+i.^+i z 

^ d,n{n^ia,c)) +n^{d^{a),c) ±n^{a,dm{c)) , 

5.4.2. Contribution of components of type ii). We begin with a pictorial representation of a general configuration in 
a possible component Z of type ii) of Y^^,^: 




Figure 22 - A typical configurations of type ii) in 1^, 



Lemma 5.8. For an S- admissible graph T G Qn+i m+i '^'^'^ ^ component Z of Y^fj^-^ ^^^^ of type ii) as before, the 
weight non-trivial only if \A\ = 1 and if either a) there is exactly one edge from to the vertex labelled by k, 

or b) there is no edge from to k and there is at least one edge with starting point labelled by k. We then have 

o 

W£ Y ~ Wjj Y^i case a), 

pA.i , in case b), 

where , resp. T^'\ is obtained from T by contracting and the vertex labelled by A and eliminating the edge from 
to this vertex, resp. eliminating the edge e^^ . 

Proof. The decomposition of the component Z implies the factorization of the corresponding weight, 

W^Ar = /o+ (/ ^DXAj^DX^' 

"'3^„-|A| + l,™ + l V"'l'.4 / 

where now Ta denotes the subgraph of F, whose vertices are labelled by A and whose edges have at least one vertex 
in A, and F"^ is obtained from F by contracting F^ to a single vertex. 

We focus on the first factor: first of all, we use Lemma 3.1, a), and Lemma 3.2, c) and d) (and again the restriction 
of ujd to C3 X Ci^o) to evaluate the restriction of wu^r^ on "Da- All factors of this restriction, which live on "Da, are 
pull-backs of Kontsevich's angle form to C2: hence, we may apply Kontsevich's Lemma 9.1 to conclude that all 
such contributions vanish unless \A\ = 1. 

If \A\ = 1 (the corresponding vertex is denoted by w^), and there is at least one edge, whose endpoint is Vk, 
Lemma 3.2, d), implies immediately that the corresponding integral vanishes. 

We assume now star(wyi) = {e^^, . . . , efj^}. If there is exactly one edge from to va, Lemma 3.2, c), implies that 
^d,Ta '^^ ^ product of the form (forgetting about signs) 

p p 

WD,r^|l5^ = UJ\C2 A /\ (t^_D,ef;^ +^^102) = ^|C2 A /\ t^D.eJ^, 
k=l k=l 

by the antisymmetry of the wedge product. The inner integration over produces hence a factor 1, and the form 
Afc=i '^^-D.ej can be inserted into the outer factor wp^- 
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If there is no edge from to va, by Lemma 3.2, c), ujd^Ya is a product (again forgetting about signs) 



fc=l 



again by the antisymmetry of the wedge product, since we need the factor uj\c2 because of the integral. The inner 
integration over produces hence a factor 1, and the forms Aj^^fc ' ^ ^ 1' • ■ • '^^'^ be inserted into the outer 

factor LOyA , and the claim follows. □ 

Proposition 5.9. For 7, a and c as above, the following identity holds true: 

(45) E^Ar5r(a,7,---,7;c)=L^(H^(a,c)), 

where Z runs over components of type ii) of Y^j^-^ ,«+!■ 

Proof. Using Lemma 5.8, we re- write the left-hand side of (45) as 

n+l 



n>0 fc=2 r''eg„,„.+i res„+i,„ + i ^ 

+ E^E E E E ±W^Ar^.-5r(a,TV^;c), 

n>0 ' fc=2 ei^gstar(fc) r'=.'ee„.,„ + i '"'^Sn + i.^+i „ 

borrowing notations from Lemma 5.8. On the other hand, recalling the homotopy formula 

L^ = d o ± t-y o d , 

and using slight modifications of the arguments of Subsection 4.2 and 4.3 of [21] and in the proof of Proposition 5.2, 
we have 

I \ "^^ 

L^|5ro(a,X_-V7;c) E ±-5'r(Q, 7: ■ ■ ■ ,7 ;c)+ 

/ fc=2 regS 



n-1 



1 + 1, m+l 

ro=r'= 



n.+l 



+ E E E ±'S'r(a,7,---,7;c), 

fc=2 e'j,Gstar(fc) res^_l_j_^^j „ 
ro=rfc.' 

whence the claim follows. More precisely, the first, resp. second, term on the right-hand side of the previous equality 
corresponds to the composition d o t^, resp. o d, by an explicit evaluation of the contraction operation and by 
means of Leibniz's rule for d. □ 

5.4.3. Contribution of components of type Hi). We discuss weights associated to admissible graphs and to components 
of type Hi) of Y^^^^: before entering into the discussion, a pictorial representation of the two distinct possible 
configurations in such components could be helpful: 




Figure 23 - Two possible configurations in of type 
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Lemma 5.10. For an S- admissible graph T £ Gn+i m+i '^'^'^ component Z of Y^_^-^ of type Hi) as before, the 
weight W£ p vanishes unless there are no edges connecting A to its complement. In this case we have 

where Tj^b denotes the subgraph of T whose vertices are labelled by AU B and the graph F"^'^ is obtained from T by 
contracting Tj^ g to a single vertex of the second type. □ 

Proof. The above weight vanishes, if there is at least one edge connecting a vertex labelled by A to a vertex not 
labelled by A in virtue of Lemma 3.2, a), similarly to the first step in the proof of Lemma 5.3: this forces, by the 
way, Ta and Tz to be both admissible, since all stars of Ta and Tz belong to Er^ and Er^ respectively. 
Additionally, the following factorization of the above weight holds true: 

Finally, we use Lemma 3.2, e), to prove that the integrand ujo,r b equals in fact ajr^ ^ i whence the last claim follows 
from the previous factorization and from the definition of (25). □ 

Proposition 5.11. For 7, a and c as above, the following identity holds true: 

(46) E E^Ar^r(a,7,---,7;c)=H:^(a,L^+;^(^)(c)), 

n>o •reef^,,,„+, z "^^^^ 

where Z runs over components of type Hi) of Y^_^_^ m+i' ^'^^ denotes the standard multiplication in A. 
Proof. We use Lemma 5.10 to re-write the left-hand side of (46): 

X! ~! WrA.BWDT^-^Sr{a,-f,...,r,c). 

A.B 

We fix n, m > 0, < fc < 71, < ^ < TO + 1, and we observe that for pair (Fi, F2) of admissible graphs Fi G Qj^i and 
T2 6 e,f_fc+i,,„_,+2. one finds 

X! S'r(a,7, . . . ,7;c) = 5r2(a,7, • ■ • ,7;Lwr^(^,...,^)(c)) . 

A.B cz n S 

|A| = fc,|B| = l r^S„ + i +1 „ 

ryi,f3=ri.r^-B = r2 

We finally observe that the graph Fi, which consists of only two vertices of the second type, yields exactly the 
multiplication fi. 

This ends the proof of the Proposition (we leave to the reader the check of the consistency of the combinatorial 
coefficients). □ 

5.4.4. End of the proof of the compatibility between cap products in the case X = WK It follows from identities (44), 
(45) and (46) that 

T.^ E Vt^l.,r^r(a,7,...,7;c) 

is precisely equal to the r.h.s. of the homotopy equation (35), whence the result follows. 

6. Some special cases of interest 

In this Section we discuss some interesting special cases. 

i) We first give the recipe for proving Shoikhet's conjecture [4,24] starting from the main result of this paper; 
we want to point out that the proof of Shoikhet's conjecture was the starting point of the investigations that 
have led us to the present paper, thanks to a stimulating question from A.S. Cattaneo. 
ii) We further discuss the case of a MCE of poly vector degree less or equal than 1, in view of a forthcoming ap- 
plication towards globalisation of the results of [21] and of the present paper in the framework of deformation 
quantization (we refer to Section 8 for more details). 
Hi) We finally consider the special case of a MCE 7 of polyvector degree 0: in this case, we may compute explicitly 
both quasi-isomorphisms U-y and Sj using results of [5]: this is an important computational result, which will 
play a fundamental role in the proof of Caldararu's conjecture [5-7]. 
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6.1. The result of [21] and Shoikhet's conjecture. We consider the special case m = viewed as a DGA 

concentrated in degree and trivial differential (n = fi,R|/i] being the pronilpotent ideal). 

For V = W^, we consider the DGLA of ^.-formal polyvector fields Tpoiy(V)|?i], resp. of ft-formal polydifferential 
operators £'poiy(l^)|?i], and the corresponding DGM il(F)~*|/i], resp. the Hochschild chain complex C^^°'^|/i]. All 
algebraic structures are extended /i-linearly and tensor products arc completed w.r.t. the ft-adic topology. 

We consider a MCE 7 of hTpoiy{V)lhj = T^^fyiV) of the form 

(47) 7 = TT;, = fiTTi + • • • , X, e T^olyiV), « > 1- 

Its image h({"f) w.r.t. the Lcxj-quasi-isomorphism U is an element of degree 1. 

Since dn — ], where ^ is the standard product on A, the MC equation for Ui^j) is equivalent to the fact that 
/i + U{'-f) defines an /i-linear associative product, which we denote by on C°°(T^)|ft]. 

We now consider the Gerstenhaber algebras (up to homotopy) (rpoiy(y)|/i], [7, ], [ , ], U) and (I?poiy(V^)|?il, dn + 
[ZY(7), ],[ , ],U+); for the latter, we have dn + [^(7), ] = dn,*, where dn,* is the Hochschild differential on the 
Hochschild cochain complex of the R|fi.]-algebra C°°(T^)|ft], endowed with the deformed product with values in 
itself. Furthermore, the product U of degree 1 takes the form 

{Di D2)(ai, . . . ,a„) = Di(ai, . . . , a|£,j|+i) * i:)2(a|£,j|+2, ■ ■ ■ , ««), A e Dpoiy{V)lhj, a; e A, 

and n = \Di \ + ID2I + 2 (up to a sign depending on Di). 

On the other hand, we also consider the T-module, resp. T-modulc up to homotopy, (r2^'(y)|ft], L^, L, n), resp. 

bn + Lk(^^-j,L, n*): in the latter, we have bn + ^ui-y) = bn,*, where bn,* is the Hochschild differential 
on the Hochschild chain complex of ^C°° (V^ ) [ft] , Tk-^ with values in itself. Furthermore, the degree 1 pairing n* takes 
the form 

Dn^c= {ao^Diau . . . , ap|+i)|a|D|+2l ■■■), De DpoiyiV)lhl c = (ao|ai| • • • ) G Cr^^VM 

(up to a sign depending on D and c). All these structures have been introduced and discussed in [4,24]. 

Then, Shoikhet's conjecture follows from our main result, together with the compatibility between cup prod- 
ucts [21]. 

Theorem 6.1. For V = M.'^ and for a MCE 7 of Tpoiy{V)lhJ as in (47), the tangent quasi-isomorphisms and 
fit into the following commutative diagram of Gerstenhaber algebras and T -modules up to homotopy: 



(f^- (1-) [ft] , , L, n) — ^ — (c^r {V) {h} , bH,* , L, n.) 

6.2. The case of a MCE of polyvector degree at most 1. We then consider a MCE oiTp^^y{V) of polyvector 
degree at most 1, i.e. 

(48) 7 = 7-1 +70 +71: 

where i) 7_i is a degree 2, n-valued function on V , ii) 70 is an n-valued vector field of degree 1 on V, and Hi) 71 is 
a degree 0, n-valued bivector field on V. 

The image ^^(7) of a MCE as in (48) satisfies the Maurer-Cartan equation in Z^poiy(^)- since 7 is the sum of 
three types of n-valued polyvector fields on F, the degree requirement of the classical morphisms Un and the (graded) 
anticommutativity of the wedge product on m- valued polyvector fields implies the decomposition of IA{^) 




For the sake of simplicity, we write from now on B, resp. Q, resp. F, for the first term, resp. second term, resp. sum 
of the third and fourth term, in (49). 

The graded commutative product on A = C°°{V) (E) m defines a 1-cocycle fj, of I'"oiy(^)- We may then consider 
the m-valued bidifferential operator ^ -I- i? of degree and the linear operator Q = dm + Q of degree 1 on m-valued 
functions on V. Accordingly, the Maurer-Cartan equation for U{'y) is equivalent to 
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i) i-i + B defines an m-linear associative product :*r of degree on A. 
ii) Q is a derivation of degree 1 of {A,-k)] its square equals 

where [ , ]n denotes the graded commutator w.r.t. the product 
iii) The m-valued function F of degree 2, which, by the previous equation, can be viewed as a sort of "curvature" 
of the "connection" Q, satisfies the Bianchi identity, i.e. it is annihilated by Q: Q{F) = 0. 

In other words, A equipped with the product the derivation Q and the element F, is a curved DGA; in the 
framework of [10], Q is a Wcyl connection on A with Wcyl curvature F, see Section 8. 

For a MCE 7 as in (48), we consider the T-algcbra ((rp"J,iy(V"), dm + [7, ], [ , ],u), (r2™(F), L^, L, n)) . 

We also consider the Gerstenhaber algebra up to homotopy ^^5™^^^ (]/), d^ + dn + [^(7), ], [ , ], U^,^ , where 

(50) [Di £'2)(ai, • ■ • ,a„) = £'i(ai, . . ., ap^i+i) * 1)2(011)11+2, • ■ • ,a„), n=\Di\ + ID2I + 2, 

for Di, i = 1,2, general elements of D'^^^^iV), and Cj, j = 1, . . . , \Di \ + |Z?2| +2, general elements of A. Additionally, 
we have dm + dn + [^(7), ] = dn,* + [Q, ] + [F, ], where dn,*, denotes the Hochschild differential w.r.t. the product 
We further consider the T-module up to homotopy {c^^^''^{V), dm + bn + Lj^(-y), L, n*^ , where 

(51) D (ao|ai| • • • |a„) = (oo ^ D{ai, . . . , a|D|+i)|a|^|+2| • • • |a„), 

for D, resp. c, a general element otD™^^y{V), resp. C^°^^'™{V). Furthermore, we have dm+hii+Lu(j) = bn.^+Lg+Li?. 

Theorem 6.2. For any MCE 7 as in (31), Uj and S-y are quasi-isomorphisms of Gerstenhaber algebras and T- 
modules up to homotopy respectively, fitting into the following commutative diagram: 

(rpV(^): dm + [7, ], [ , ], U) ^ (j^^ofyiVl dH,* + [Q,] + [F,],[, ], U.) . 

{n'-iv), dm + L^, L, n) (c£°.'^''"(F), bn,. + Lq + Lf, l, n,) 

6.3. Explicit computation of the tangent quasi-isomorphisms. Borrowing notation from Subsection 6.2, we 
consider the case of a MCE 7 = 70 concentrated in poly vector degree 0. 

We consider now the morphism S^: for a general Hochschild chain c = (ao| • • • |a„i) of (Hochschild) degree — m, 
m > 0, we have 




with the notations from Subsection 3.2. 

We first observe that the valence of any vertex of the first type of an admissible graph F as in (52) is 1, since it 
associated to a copy of the vector field 7. Thus, we sum only over those admissible graphs F with univalent vertices 
of the first type. 

Dimensional reasons imply that the weight (27) of an admissible graph F in Gn m+i non-trivial, only if 2n -|- m 
equals the degree of the integrand, which is in this case n -\- I, where I is the number of edges starting from the 
vertex 0, whence I = n + m. Since such an admissible graph has exactly n + m + 1 vertices (of the first and second 
type), and since there are neither multiple edges nor loops by assumption, there is exactly one edge joining the vertex 
to all vertices except one, namely the first vertex of the second type w.r.t. the cyclic order: this is because the 
integrand t^u.r vanishes, if star(O) contains an edge e joining to the first vertex in w.r.t. the cyclic order, by the 
constructions of Subsubsection 3.3.2. 

Since m > 0, we use the section of i?^m+i, which, by means of the Mobius transformations ^jj is diffeomorphic to 
a section of C^^^ sec also Subsubsection 3.1.3 (we observe that the origin of the disk is mapped to i, while the 
point 1 is mapped to the half-circle at infinity in the complex upper half-plane Ti). 

Recalling (23), Subsubsection 3.2.1, the weight (27) of an admissible graph F in G^^^^^ is mapped to a weight of 
type (25), the only difference is that the factors of ujD,r are mapped to i) usual forms uie, whenever e is an edge from 
to some vertex (of the first and of the second type), and the "new" e is now an edge from i to the image w.r.t. tp 
of the endpoint, and ii) differences between and Wg^j), if e is an edge between two vertices (of the first and second 
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type, neither of which is 0), and the new edge e connects the images of the endpoints w.r.t. ip, while e(i) is an edge, 
whose starting point is the starting point of e and whose endpoint is i. Graphically, we have the correspondence 




Figure 24 - Correspondence between weights on and on C, 



We have used dashed arrows to denote forms on I',^„i_|_i as in (27), in the graph on the left-hand side, while we have 
used black, rcsp. dashed, arrows to denote forms on C^^i ,„ as in (25), resp. differences of such forms. 

From now on, when considering weights (27) of admissible graphs in Gnm+i above, we implicitly assume that 
we are considering them on C^_^.i ,„ by means of the previous correspondence. 

Lemma 6.3. // an admissible graph T in Q^m+i above has a vertex of the first type of valence 1, which is the 
endpoint of exactly one edge, then its weight vanishes. 

Proof. It is more instructive to give a graphical proof (which will be also useful later on) 




Figure 25 - The two cases in the above situation 



On the right-hand side of both equalities above, we may apply Lemmata 9.2 and 9.3, Appendix; we also notice that, 
by dimensional reasons, whenever there is a 1-valent vertex, the corresponding weight vanishes (since we integrate a 
1-form over a 2-dimensional space, a subset of the complex upper half-plane Ti.). □ 

We consider now an admissible graph F in Gnm+i^ satisfying the above dimensional non-triviality condition. We 
consider a vertex vi of the first type: it is the endpoint of an edge starting at i, and exactly one edge departs from 
it. Moreover, the edge ei starting at v must connect it to a different vertex of the first type: if not, ei connects v 
to a vertex of the second type. By Lemma 6.3, there must be an edge 62 from a vertex V2 of the second type with 
endpoint wi; again by Lemma 6.3, there must be an edge 63 from a vertex ^3 of the second type with endpoint V2, 
and so on, until we arrive at the vertex w„, which is necessarily as in Lemma 6.3 by dimensional reasons, whence the 
weight vanishes. 

By the very same procedure, we find that all admissible graphs appearing in (52) and having possibly non-trivial 
weights must be as in Figure 24 on the left-hand side, i.e. they must be wheeled trees (with dashed and black directed 
edges). Using the first graphical identity in the proof of Lemma 6.3, we may replace all dashed arrows by black ones: 
in fact. 




Figure 26 - Replacing dashed edges by black ones 
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Any wheeled tree with dashed edges, by repeatedly applying this computation, can be written as the sum of the 
same wheeled tree and other graphs with only black edges; except the wheeled tree with only black edges, each of 
the remaining graphs has at least one vertex of the first type as in Lemmata 9.2 or 9.3, whence they vanish. 

We denote by Tn,yn ^ Sn.m the set of wheeled trees as above, which we view as admissible graphs as in Subsub- 
section 3.1: then, by the previous computations, we may re- write (52) as 

(53) '5^(c) = E;j! E WrSrh,...n,c). 

n>o ■ rer^^.^, ' ' 

We consider a wheeled tree F in 7^^: by the same arguments as in [20], Paragraph 8.3.3.1, if F contains at least a 
wheel with an odd number of vertices, then its weight vanishes. Thus, in (53), we may sum only w.r.t. even integers 
n. 

From now on, we may follow the arguments of Subsection 10.1 of [5] to evaluate (53): of course, there are some 
sign modifications to keep into account, but the end result turns out to be the same (since n is even and since only 
wheels with an even number of vertices appear on the above sum). First, we write 

7 = 7q ® rua, 7q G rpoiy(F), nia G mi, 

and, following the notations of [5], we introduce the m- valued, matrix- valued 1-form S via 

S = (g) ma = {^^^kJidxk) m^. 

Then, following almost verbatim the computations of Subsection 10.1 of [5], we find 



(54) S^{c) ^ dctJ g " _g A HKR(c) = j(7) A HKR(c), 

y e 2 — e 2 

The right-hand side of (54) needs some explanations. First of all, wc have improperly written a determinant: in fact, 
it should be denoted by the more appropriate notation Bcr, which represents the super-determinant, or Bcrczinian. 
In fact, S represents a 1-form on V with values in m-valued matrices: m-valued matrices form a GA, hence usual 
trace and determinant have to be replaced by their super-analoga. 

Further, the square root of the quotient in the Berezinian has to be interpreted as a power series. More precisely, 
we have 

^ ^ />o 

and the coefficients /?; are called modified Bernoulli numbers. 

Aside from some sign differences, which, as already remarked, do not cause changes in the main arguments, the 
only point we want to stress is that, by the above arguments, the weights in (53) are the same weights examined 
in [5], whose computation has been performed, using different approaches, in [27,28]. 

Summarizing all the computations so far, we have the following 

Theorem 6.4. For a MCE of T^^^y{V) of polyvector degree 0, the following identity holds true: 

(55) S,{c) = .7(7) A HKR(c), c G CP°.'^'"(V^), 

where HKR is the Hochschild-Kostant-Rosenberg quasi-isomorphism in homology, and is the rooted Todd class 
analogon appearing in the main result of [5] . 

7. Application : (co)homological Duflo isomorphism 
We consider a finite dimensional Lie algebra g over a field k of characteristic zero. 

7.1. Statement of the result. We recall the definition of the (modified) Duflo element 

„ — ad/2 s 



J ■■= det [- ) G S(0*: 



We also remind the reader that the completed algebra S(g*) naturally acts on S(g): 

e ■ := -^l-^(x)^x"-'= (x G , ^ G 0* , fc > , 71 > 0) . 
(n — k)\ 

The following result (proved in [20,22]) is a cohomological extension of the original Duflo isomorphism [14]. 
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Theorem 7.1 (Cohomological Duflo isomorphism). The morphism of Q-modules 

V := symo(ji/2.) :S(0) _^ ^(fl) 

induces an algebra isomorphism 

^•(0,S(0))^ff'(fl,U(0)) 

at the level of Chevalley-Eilenherg cohomology. 

We now observe that, if A is an algebra on which g acts by derivations, the Chevalley-Eilenberg Lie algebra ho- 
mology H-,{g, A) is equipped with an H*(q, A)-module structure in the following way: on the level of the complexes, 
for any Chevalley-Eilenberg cochain a = ^ (8) a, resp. chain c ~ x ® a' , one defines 

a{c) = i^{x) <S) aa' , 

where l denotes the usual contraction operation^. In what follows we will prove the following homological version of 
the Duflo isomorphism. 

Theorem 7.2 (Homological Duflo isomorphism). The morphism D induces an isomorphism of H* (^g,S{g)^ -modules 

^f-.(0,S(0))^if_.(0,U(0)) 

at the level of Chevalley-Eilenberg homology. 

Considering the degree zero (co)homology, one obtains 

Corollary 7.3. I? restricts to an isomorphism of algebras S{q)^ ^—>\J{g)^ = Z(\J{q)^ on invariants, and induces an 
isomorphism of S{q)^ -modules S(g)g U(g)j| ~ A(\J{g)^ on coinvariants. 

Here Z{B) denotes the center of an algebra B, and A{B) = B/[B, B] its abelianization. 

7.2. Proof of the results. 

7.2.1. Proof of Theorem 7.1. In this Subsubsection we follow closely [3, Subsection 5.2]. 

Let us consider the superspace V = Ilg: then, the GA A of superfunctions on y is ^ = A*(g*). Therefore the 
Chevalley-Eilenberg differential dc defines a cohomological vector field 7 on y (i.e. a degree one derivation squaring 
to 0)^. In other words, 7 is a MCE in T'^iy(l^). 

On the one hand, T*^^.y{V) is naturally isomorphic to A'(0*) (E) S(g) and, under this identification, [7, ] precisely 
gives the coboundary operator dc of the Chevalley-Eilenberg cochain complex of g with values in S(g). On the other 
hand, {D*^^.y{V), dn + [7, ]) identifies with the complex CC*{A, dc) of Hochschild cochains of the DGA {A, dc) with 
values in itself. 

Now we observe that we have a quasi-isomorphism of DGAs 

£ : (i?;,iy(F),dH + [7, ]) ^ C*(0,U(0)), 

where C"(0,U(g)) denotes the Chevalley-Eilenberg cochain complex of g with values in V{g), given by the following 
composition of maps 

^;oiy(^) = A*(fl*) ® T( A* (g)) ^ A*(0*) ® T(fl) ^ A'(0*) ® U(0) = C {qMb)) ■ 

This is a manifestation of the fact that the quadratic DGA ( A' (g*),dc) and the quadratic-linear algebra U(g) are 
related by a Koszul-type duality (see e.g. [23]). Moreover, the following diagram of quasi-isomorphisms of complexes 
commutes : 

{TUyiV), [7, ]) 2^ (^;oly(^),dH + [7, ]) 

e 

C-(0,S(0)) '-^ -C-(g,U(g)), 

Finally, we recall (see e.g. [3]) that = HKR o tj(^), and that one has the following 

Lemma 7.4 ([3], Lemma 5.6). Under the obvious identification HV = g, the supermatrix valued 1-form S, restricted 
to g, which we implicitly identify with the space of vector fields on V with constant coefficients, satisfies S = ad. 



In fact, this defines an actual DG-modulc structure on the level of the complexes. 
'This is abstract nonsense. 
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Therefore, since 



,g£/2 _ g-S/2 

.7(7) •= det ' 



we have the following commutative diagram of algebra isomorphisms 

H'(T;,,yiV),[l, ]) ^^•fciy(^)>dH + [7, ] 



Hence Theorem 7.1 follows. □ 

7.2.2. Proof of Theorem 7.2. We keep the same notations as in the previous paragraph. 

First of all, we observe that il'{V) is naturally isomorphic to A*(g*) ® S{g*) and that, under this identification, 
L-y precisely gives the coboundary operator of the Chevalley-Eilenberg cochain complex of g with values in S(g*). 

Then, (^C^°^^{V), bn + L7) identifies with the complex CC-,{A, dc) of Hochschild chains (with reversed grading) 
of the DGA (^,dc) with values in itself. 

Applying Theorem 6.4 to the present situation, we have = ^(7) AHKR. We observe that, in order for this map to 
be well-defined, we need to consider completed versions h*{V) = A'(0*)®S(fl*) and C^°^'^{V) = A*(g*)®T(A* (g*)) 
of the spaces involved in the formality for chains. 

Now, we recall that we have a quasi-isomorphism of complexes 

A : C-(0,U(flr)^ (a£°;^(y),b + L,) 

given by the following composition of maps 

C'(fl, U(0)*) = A'(0*) ® U(fl)* ^ A*(0*) ® T(0)* = A*(0*) ® T(0*) ^ A'iQ*) ® T( A* (0*)) , 

which induces an isomorphism of i7* (0, U(0))-modules on cohomology. 

Moreover, the following diagram of quasi- isomorphisms of complexes commutes : 

niv),L^ ^ — (a£°."'(v^),b+L^ 



C*(0,S(0*))- C«(0,U(0)*), 

We observe that, for any g-module A/, the Chevalley-Eilenberg cochain complex C"(0, M*) is naturally isomorphic to 
the dual of the Chevalley-Eilenberg chain complex C-,(0, M) with reversed grading. Moreover, a direct computation 
shows that 

Lemma 7.5. For any t^; G = C* (0,8(0)*) and any c<^C-,{^,S{^), 

^) 0X7) A w,c) = (cj, j(7) • c); 

n) for any a G T'^iy(V") = C'{q,S{q)), (i^t^, c) = (c^,a(c)). 

Therefore the transpose of 5.^ induces an isomorphism of H*{g, S'(0))-modules 

^^-.(0,S(0)) ^H_.(0,U(5)) 

which is precisely "D, whence the proof of Theorem 7.2. □ 

Remark 7.6. As we already mentioned, there is a duality between the DGA (A, dc) and the quadratic-linear algebra 
11(0): in [4], we give a more direct proof of Corollary 7.3 in the same spirit of Kontscvich's approach to the original 
Duflo isomorphism [20], which does not make use of the aforementioned duality. 
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7.3. Why we can work over Q. In this Subsection we explain why Theorem 6.4, Theorem 7.1, Theorem 7.2 and 
Corollary 7.3 are valid over any field of zero characteristic. 

First of all, we observe that we have been able to compute explicitly (Section 9 of [3], see also [5]) and 
(Section 6 of the present paper), and both have rational coefficients. 

Then to prove that the mentioned results remain true over Q (and thus over any field of zero characteristic) we 
have to find homotopics with rational coefficients. 

Finally, we observe that both homotopy equations (32) and (35) are linear w.r.t. the weights of graphs appearing 
in the homotopy operator Ti^, respectively. 

To conclude, we have a real solution of a system of linear equations with rational coefficients. Therefore a rational 
solution exists. □ 

8. Proof of the main result 

The main goal of this final Section is to globalize to a general manifold X the local results obtained above in the 
paper. The globalisation procedure is based on [12] (see also [10]). 

8.1. Fedosov resolutions and the globalisation procedure. We consider a general c?-dimensional manifold X. 
According to Section 3, [12], we consider the algebra B = C°°{X) of smooth functions on X; we associate to X the 
DGLAs (rpoiy(^),0, [ , ]) of polyvector fields on X with trivial differential and Schouten-Nijenhuis bracket, and 
(Z3poiy(X), dn, [ , ]) of polydifferential operators on X, which is viewed as the subcomplex of the Hochschild cochain 
complex of _B, consisting of cochains, which are smooth differential operators w.r.t. any of their arguments, and with 
induced Hochschild differential and Gcrstenhabcr bracket. Both DGLAs are graded w.r.t. the shifted degree. 

Furthermore, we have corresponding DGMs, {^{X), 0, L), with trivial differential and action L by polyvector fields 
given by Lie derivative, and (Cp°'''(X), bn, L) , where C'^°'^^{X) has been defined in [12]: it is defined as a suitable 
completion of the Hochschild chain complex of C°°{X) with negative grading, with the Hochschild differential bn 
and the action L. We observe that both DGMs are negatively graded. 

We quote (without proof) from [12] the main result towards the globalisation of Kontscvich's and Tsygan's 
formality ioo-quasi- isomorphism. 

Theorem 8.1. For a given d- dimensional manifold X, there exist DGLAs , resp. DGMs VJlf, i = 1,2, and 
Loo -quasi- isomorphisms Ux and &x, which fit into the following commutative diagram of DGLAs and DGMs: 

(56) T^oyyiXf flf 0^ ^^poly(X) , 

n{Xf ^ OTf OT^ 3c-poiy(x) 

where the vertical arrows denote DGLA-actions, and the hooked arrows denote quasi-isomorphisms. 

Here we briefly discuss the construction of the DGLAs and corresponding DGMs OJlf" , i = 1, 2, which are called 
Fedosov resolutions of the corresponding DGLAs and DGMs, which have been defined above. Using the notations 
of [12], we have 

= Q{X,Tpoly), B2 = f^(^,^poly), 

= n{x, £), 9Jif = n{x, cp°'y), 

where T^oiy, resp. X'poiy, denotes the bundle over X , whose global sections arc formal polyvector fields, resp. formal 
polydifferential operators, w.r.t. fiber coordinates of TX, and £, resp. C^°^^, denotes the bundle, whose global 
sections arc formal differential forms, resp. formal Hochschild chains, w.r.t. fiber coordinates of TX. T^oiy and 
I'poiy arc bundles of DGLAs, the former with trivial differential and B-linear Schouten-Nijenhuis bracket w.r.t. 
the formal coordinates of TX, the latter with Hochschild differential and Gerstenhaber bracket induced from the 
DGLA-structure on the Hochschild cochain complex of the algebra F = R|yi, . . . , y^]; similarly, £ and Cp°'^ are 
bundles of DGMs over 7]poiy and "Ppoiy respectively, the former with trivial differential and Lie derivative w.r.t. the 
fiber coordinates of TX, the latter with Hochschild differential and action L induced from the DGM-structure on the 
Hochschild chain complex of F. 

Obviously, the De Rham differential d on X defines, by linear extension, a differential (which we denote by the 
same symbol) on the DGLAs and on the DGMs Tlf, i — 1,2, which is compatible with all aforementioned 
algebraic structures; it is then clear that all DGLAs and DGMs considered so far are naturally bi-graded. 

A very important tool in the proof of Theorem 8.1 is the Fedosov connection on and Ttf , i ~ 1,2: it is 
customary to denote it as D = d + w, where lo decomposes as uj = A -\- uj , where A is the connection 1-form of a 
torsion-free connection V = d + A on TX and uj is an element of ^^{X, T^^^ ). The Fedosov connection is flat, i.e. 
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= 0, or, equivalently, + = 0; we observe that, since V is torsion-free, then V extends to a derivation 

of degree 1 on gf- and 3Jlf^, i = 1, 2. Since D is flat and is compatible with all algebraic structures, we may consider 
the cohomology of and dJlf , i = 1,2 w.r.t. D: it turns out that all cohomologies are concentrated in degree 0, 
and that we have isomorphisms of DGLAs and DGMs 

H°(fi(x,rpoiy),i?) ^rpoiy(x), R\n{x,Vpoiy),D)^Dp,fy{x), 
B.'^{n{x,£),D) = n{x), H°(J7(x,cp°'y),£i) = cp°'y(x). 

We finally briefly present the construction of the Loo-qua-si-isomorphisms iXx and &x- 

We pick a local chart U of X, and we set (m, dm) = {^{U),d), d being the De Rham differential: we observe 
that n{U) is commutative (in the graded sense), and has a decomposition into a nilpotent part n = il-^{U) and a 
commutative algebra (concentrated in degree 0), which contains a unit annihilated by d. 

On the other hand, Kontsevich's and Tsygan's ioo-quasi-isomorphisms U and S extend to Loo-quasi-isomorphisms 
on formal polyvector fields, polydifferential operators, differential forms and Hochschild chains on F = R''; we denote 
by Vformai the formal linear manifold, whose algebra of functions is Ov{„^^^i = ■ • ■ , Vdj- This way, we have the 

following identifications of DGLAs and DGMs 

9l — T'i^iy( Vformai), B2 ^"oly (^formal) , 

gjlf ^ f]"'(Ffo,.mal), = CP°l'''™(Fformal) , 

and a corresponding commutative diagram of DGLAs and DGMs. 

The connection 1-form u!\u oi the Fedosov connection D, when restricted on U, is a MCE of polyvector degree 
"T^poiy (^formal)- We observe that, picking a distinct local chart V ol X intersecting U non-trivially, the difference 

between uj\ij and oj\v is a 1-form on the intersection U nV with values in the linear vector fields on F. 

Then, the ioo-quasi-isomorphisms Hx and 6x are constructed by gluing the local ico-morphisms ilu and 6u, 

obtained by twisting the natural extensions of U and S w.r.t. the MCE B\ij; we only observe that the additional 

properties of U and S, proved in [12. 20], imply that a change of local charts does not affect iljj and &u, whence it 

follows that they glue together. 

8.2. End of the proof of Theorem 8.1. Let (m,dm) be a commutative DGA as in the introduction, and consider 
a MCE 7 in T^^iyi-^)- First of all, we observe that the commutative diagram (56) can be extended by m-linearity, 
and we denote by U (resp. S) the Loo-quasi-isomorphism obtained by means of a quasi-inverse X, resp. J7 (both not 
unique), of the right-most, resp. left-most, hooked arrow of the first, resp. second, line of (56). 

Then, the quasi-isomorphism of DGLAs T^^iy{X) ^ '"^ produces, out of 7, a MCE 71 in 2^ '", which satisfies 
by construction, and by means of (57), -0(71) = = dm(7i) + 5[7i,7i]- 

Similarly, the Lcxj-quasi-isomorphism iix produces, out of 71, a MCE 72 in g^'", which itself gives rise to a MCE 
7' obtained by means of the quasi-inverse J of ^poiy("''- ) ^ fl?'"^- 

By construction, 7' = h({"f), and U-y can be computed as the composed Loo-morphism 

(58) T^olyiX),^ flf ;T — — ^poly(^)7' ■ 

It follows from [2,12] that hooked arrows in (56) preserve all algebraic structures (namely, Boo-structures). Moreover, 
the compatibility between cup products from Section 4 leads us to the following 

Lemma 8.2. The first Taylor component ii^ of Ux,-yi induces an isomorphism of Gerstenhaber algebras 

Proof. We pick up a local chart U oi X and write D = d + uj\ij. Then, we set 71 = (w + 7i)|(7: 71 is a MCE of 2i'™- 
We now introduce the DG algebra tn := f7([/) m and observe that 

• it is of the form m = C°°(i7) © n, with n (pro)nilpotent; 

• flj'" - T^olyiVfor.u.l) and 22'"" = ^;roly(^formal); 

• 71 lies in the (pro)nilpotent part. 

We thus obtain a MCE U{'fi) in g^'", which decomposes as ^(71) = {i^ + ^2)\u by the properties of ilc/. We are 
therefore in the framework to which the compatibility between cup-products applies: the homotopy identity (32) 
holds true (for 71 and rn). 
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Finally, by construction we have Uy^ = 'djj^-yi ■ It thus remains to prove that the homotopy operators, which are 
well-defined locally, glue together to a globally well-defined operator. This follows directly from the arguments of 
[5, Lemma 10.1.1]. □ 

Let us now prove that the first Taylor component of I^^ induces an isomorphism of Gerstenhaber algebras between 
H*(0^^^) and H* (^"^[^(X)-^') . Observe that we can view 7' as a MCE in since wc have an inclusion of B^x,- 
algebras D^^^^^X) ^ Q^'"^ ■ Moreover, since this inclusion is a quasi- isomorphism having X as a quasi-inverse then 

72 and 7' are gauge equivalent in g^'"*. As a consequence the Boo-algebras Q^'^ ^'^^ ^2 '^ isomorphic. In the 
end, we have the following commutative diagram of isomorphisms 




H-(^^oly(^)7'), 

two of them being isomorphisms of Gerstenhaber algebras; so the third (i.e. X-y^) is. 

We have therefore proved that the first Taylor component U-^^i of U~f induces an isomorphism of (Gerstenhaber) 
algebras 

As for hi~f^ the quasi-isomorphism iS^ o can be decomposed as follows: 

(59) cp°iy'"(x)^-c — ^ ^^..^ — ^ OT^^>^ ^121 ^^-.^^ n'^{x)^ . 

Finally, Theorem A is a consequence of the following 

Proposition 8.3. Sequences (58) and (59) 0/ quasi- isomorphisms jit into a commutative diagram of Gerstenhaber 
algebras and T -modules 

H-(rp-i,(X),) -H-(0^^;™) -H-(g^;:) -H-(0,^-) -H-(i?-,^(X),,) 



where the vertical arrows denote T-module structures and horizontal arrows isomorphisms of Gerstenhaber algebras 
and T-modules. 

Proof. We only have to prove that 6^ induces an isomorphism of T-modules on cohomology. 

The proof goes along the same lines of arguments as in the proof of Lemma 8.2. It therefore remains to prove that 
the homotopy operator for the compatibility between cap products satisfies the appropriate property so that gluing 
is allowed. Namely, we have the following 

Lemma 8.4. Let T be an S-admissible graph in Gn-\-i m.-\-i' ^ 1; 7i general elements 0/ rpoiy(T4ormai), such that, 
for some j ~ 2, . . . ,n, jj is a linear vector field, c a general element of (7^°'^ of Hochschild degree —m. Then 

o 

I^D,r>Sr (71:72, . . . ,7n, c) = 0. 
Proof. We may assume without loss of generality that 72 is linear. 

The first point of the first type in y^+i m+ii which moves along a fixed trajectory in the punctured unit disk, 
corresponds to 71; we observe that any other point in the punctured unit disk can move freely. 

It is clear that Sy (71 , 72 , . . . , c) does not trivially vanish, only if the vertex of F corresponding to the linear vector 
field 72 has at most an incoming edge and exactly one outgoing edge: then. Lemma 6.3 yields the vanishing of the 

o 

corresponding integral weight W d.t- D 

Now, the homotopy operator for the compatibility between cap products is globally well-defined, because a change 
of local charts of X changes the local expression for the Fedosov connection by a local 1-form with values in linear 
vector fields: the previous identity implies that such a change does not in fact contribute, whence the Proposition 
follows. □ 
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8.3. Relation with deformation quantization and the work of Cattaneo-Felder-Tomassini. We consider 
again the special case when m = and 7 is a MCE of the form 



In particular tti defines a Poisson structure on X. Below we assume the reader is familiar with the subject of 
deformation quantization. 

Borrowing the notation from the proof of Lemma 8.2 in Subsection 8.2, we see that w.r.t. a local chart U of X , 
71 = (tj + 71) |c/ has polyvector degree less or equal to 1, and -0(71) = 0. 

According to the computations of Subsection 6.2, ^(7!) induces the following structure on := Cvt„„.,i rn" = 
C°°{U,Ov!^,^^i)m- i) a C°°(C/)|ft] -linear associative product ★ on , ii) a Fedosov connection Q on {A'^ and 
in) the Weyl curvature F of Q, in the terminology of Subsection 4.2, [10]. 

By inspecting (49) and recalling that tth — 0{h), it follows that i) the Fedosov connection Q satisfies Q — D + 0{h), 
where D is the previously introduced Fedosov connection on g^, and ii) the Weyl curvature F oiQ satisfies F = 0{ti). 

We recall now that D is flat and that the corresponding cohomology on is concentrated in degree 0: then, 

the assumptions of Lemmata 4.5 and 4.6 in [10] are satisfied, whence we may recover^ the fact that the MCE in 
corresponding to the triple Q, F) is gauge-equivalent to the MCE corresponding to the product -k and the 
underformed connection D, with zero curvature. 

This last fact is of crucial use in [10] to prove that one has an isomorphism of algebras between the algebra of 
Casimir functions for the formal Poisson structure tt^i and the center of the corresponding quantized algebra, which 
is precisely the degree zero part of the compatibility between cap products on cohomology. 

Let us simply recall that the quantized algebra is constructed as the subspace of Z3-flat sections in A^ , which is 
isomorphic to C°°(X)|fi,], equipped with the associative product 7k-. 



In this Appendix, we quote two main technical Lemmata from [20] , which are used in many computations through- 
out the paper. 

First of all, we consider the compactified configuration space C„, with n > 3; further, for any two distinct indices 
1 ^ * 7^ J ^ '^j there is natural projection nij from C„ onto C2, and we denote by uJij the pull-back of wjca w.r.t. the 
projection Tr.y (see Lemma 3.1, Subsection 3.1). 

Lemma 9.1. For a positive integer n > 3, the integral 



vanishes, for any distinct indices 1 < ^ Jq, < n, a = 1, . . . , 2?! — 3. 

For a proof of Lemma 9.1, we refer to [20], Subsection 6.6; in [9] one can find an alternative proof to the original 
one of Kontsevich. Lemma 9.1 is often used in Subsection 4.1, Subsection 5.2 and related Subsubsections, and in 
Subsection 5.4 and related Subsubsections. 

We now consider the 1-form to on Kontsevich's eye €2,0 as in Subsection 3.1. 

Lemma 9.2. The integral 



vanishes, where UJ12, resp. UJ21, denotes the usual form co on €2,0, resp. the usual form lu, but with the arguments 
permuted (we observe that Kontsevich's angle function is not symmetric w.r.t. its arguments, hence the vanishing of 
the integral is non-trivial). In the second expression, zq is some fixed point in the complex upper half-plane Ti.. 

Lemma 9.3. If zi, Z2 are either two distinct points in the complex upper half-plane Ti. or if zi is in the complex 
upper half-plane Ti and Z2 on the real axis R, the integral 



9. Appendix 




2n-3 




/ Uj{zi,z) ^UJ{z,Z2) 

vanishes, where we integrate w.r.t. z. 

For a proof of both Lemmata 9.2 and 9.3, we refer to [20], Lemmata 7.3, 7.4 and 7.5, or to [3]. 



'As a particular case of our claim, in Subsection 8.2, that 7' and 72 are gauge equivalent in g^' 
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